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1. Introduction
One of the most striking features of gauge theories is the emergence of space-
time geometry through the holographic principle. The most celebrated example
of such phenomenon is the AdS/CFT correspondence [1, 2, 3], according to
which the maximally supersymmetric four-dimensional gauge theory (CFT) is
equivalent to a theory of quantum gravity (type IIB superstring theory) on a
space with negative cosmological constant in five dimensions, called Anti-de
Sitter space (AdS). In this context, the energy scale in the Conformal Field
Theory provides the holographic direction, related to the radial direction of
AdS [4]. The AdS/CFT is a strong/weak coupling duality and we can use this
fact to explore new phenomena on both sides of the correspondence. We can
use weakly coupled gravity in AdS to learn about the strongly coupled regime
of gauge theories. But one can also use the weakly coupled four-dimensional
CFT to study the stringy regime of quantum gravity in AdS.
A complete solution of the four-dimensional CFT amounts to two steps.
Firstly, computing the spectrum of anomalous dimensions of gauge invariant op-
erators, which is equivalent to solving for the gauge theory two point-functions.
Anomalous dimensions are pivotal quantities in a quantum field theory. In the
theory of strong interactions, they determine the parton distribution functions.
The second step in solving the CFT is computing the structure functions, which
are encoded in the three-point functions of the gauge invariant field theory op-
erators. We are on the right track to achieve the solution to the first problem:
a conjecture has been made for the full spectrum at any value of the coupling,
in the planar limit [5]. The second problem has received much less attention so
far. The aim of this review is to provide the technical tools required to study
spectrum and correlation functions of the AdS/CFT system at strong coupling.
We hope that future developments, along these lines, allow eventually to solve
the problem at any coupling and in the full non-planar theory.
Spectrum
An impressive amount of progress has been achieved on the field theory side of
5
the correspondence at weak gauge coupling, in particular regarding the study
of the spectrum of anomalous dimensions of local gauge invariant CFT opera-
tors. The gauge theory contains half-BPS operators, whose classical conformal
dimension is not renormalized. Most operators however are not protected: their
classical scaling dimension receives quantum corrections. While at weak cou-
pling the anomalous dimensions have been studied since the beginning of quan-
tum field theory, the strong coupling regime is typically very hard to tackle.
Spinning strings
By means of the AdS/CFT duality, we can learn about the strong coupling
regime by studying a weakly coupled string theory dual. The first study of non-
protected operators at strong coupling was performed for gauge theory operators
with very large R-charge, dual to point-like strings rotating fast around the five
sphere, the so called BMN sector [6]. The classical string configuration dual to
long twist-two operators was studied in [7]. Shortly after, one-loop integrability
of the dilatation operator on the field theory side was discovered [8]. Thanks
to the indefatigable work of many research groups, this eventually led to a
conjecture for the solution of the anomalous dimensions of all operators, by
means of the so-called Y-system [5]. Despite an impressive amount of work on
the field theory side of the correspondence, it is fair to say that the string theory
side still remains obscure.
In order to achieve a proof of the AdS/CFT conjecture, it is necessary to
understand superstring theory in AdS. The type IIB supergravity background
AdS5 × S5 is supported by a Ramond-Ramond five-form flux. Due to the pres-
ence of such flux, one cannot use the usual Ramond-Neveu-Schwarz (RNS) de-
scription of the superstring, but is forced to use a formalism with manifest
target space supersymmetry, namely the Green-Schwarz (GS) formalism [9].
This action describes the classical worldsheet theory of superstrings propagat-
ing in AdS background and it is an interacting two-dimensional non-linear sigma
model, whose target space is a supercoset.
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The worldsheet action on such supercoset is classically integrable [10]. The
discovery of integrability led eventually to the complete solution of the classical
spectrum of solitonic strings moving in AdS in terms of an algebraic curve that
encodes the conserved charges of the soliton [11].
The quantization of the two-dimensional worldsheet theory has been achieved
in the sector of semi-classical strings, corresponding to gauge theory operators
with very large quantum numbers. This sector can be studied using the GS
formalism. Expanding around a solitonic solution of the sigma-model equations
of motion, quantization can be achieved in the light-cone gauge. In this way,
the spinning strings [12], dual to twist-two operators, and the BMN sector [6]
have been quantized. The algebraic curve, that encodes the classical spectrum
of strings in AdS, can be quantized semi-classically around such solitonic sec-
tors, providing a handle on the quantum properties of strings with very large
quantum numbers [13]. The AdS/CFT correspondence has been tested in this
sector to great extent, thanks to the Asymptotic Bethe Ansatz techniques [14].
Perturbative strings
The light-cone gauge for the GS formalism is hard to fix for short strings. This is
the sector of perturbative strings with small quantum numbers, corresponding
to short operators on the CFT side. It is the curved space analogue of the
discrete tower of massive string states in flat space. The prototype example of
such operators in N = 4 super Yang-Mills is the Konishi operator, that belongs
to a long super-multiplet. If we want to study the quantization of the worldsheet
sigma model in this sector, it is convenient to use the pure spinor formalism for
the superstring instead [15]. The purpose of this review is to introduce in a
pedagogical way the basic tools to achieve such a quantization.2
2The authors of [16] and [13] recently extrapolated the spectrum of semi-classical strings
all the way to the limit of strings with small quantum numbers, obtaining the same results as
using the pure spinor formalism [17] and integrability [18]. It is not clear how to generalize
this approach beyond the first quantum correction.
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The pure spinor sigma-model is an interacting two-dimensional conformal
field theory, that can be quantized perturbatively in a covariant way, by means
of the standard background field method. The worldsheet metric is in the con-
formal gauge, which avoids the issues with the light-cone gauge. The fermionic
kappa-symmetry of the Green-Schwarz action is replaced in the pure spinor
formalism by a BRST symmetry, whose ghosts are target space pure spinors.
Hence, the subtleties related to the gauge fixing of kappa-symmetry are absent
in the pure spinor formalism. Hence, one can easily prove conformal invariance,
vanishing of the central charge and consistency of the action (i.e. absence of
gauge or BRST anomalies) at the loop level [19, 20, 21]. One can show that the
AdS/CFT dictionary between the radius of AdS and the gauge theory ’t Hooft
coupling is not renormalized at strong coupling [20].
The spectrum of short strings propagating in AdS can be studied using the
usual technology of worldsheet vertex operators. The physical string states
are primary vertex operators in the cohomology of the BRST charge. The
massless closed string vertex operators describe type IIB supergravity in the
AdS5×S5 background and are dual to the BPS sector ofN = 4 SYM. The vertex
operators corresponding to massive string states are dual to long supermultiplets
on the gauge theory side. The perturbative string spectrum can be conveniently
studied by expanding the sigma model around classical configurations with small
quantum numbers.
At the classical level, the pure spinor action is integrable [22, 23], just as the
GS action is [10]. In the pure spinor formalism, one can use the standard tech-
niques of conformal field theory, combined with the power of BRST symmetry,
to prove that integrability of the classical action persists quantum mechanically
at all loops in the quantum theory. One can then construct a monodromy ma-
trix and study its quantum properties and the associated Yang-Baxter equation
[24].
Correlation functions
After computing the string spectrum, corresponding to the two-point functions
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of N = 4 SYM operators, one can go on and study the n-point correlator of
local gauge invariant SYM operators. Correlation functions on the CFT side
are dual to string scattering amplitudes on the AdS side, where each vertex
operator insertion is dual to a specific gauge theory operator insertion. In order
to compute the correlation functions at strong coupling, we need to use the string
side of the correspondence and evaluate the string amplitude of vertex operators
on the worldsheet. In the framework of the semi-classical GS formalism, because
of the above mentioned difficulties, only correlation functions of very heavy
(semi-classical) strings with light strings can been computed [25, 26, 27, 28]. In
the pure spinor formalism, one can compute correlation functions of any kind
of strings, in particular of light strings, corresponding to short operators on the
gauge theory side.
1.1. Guide to the review
This review is self-contained and it includes all the background materials
needed to be up and running with pure spinors in AdS. At the end of each
Section, the reader can find a comprehensive set of references in the Guide to
the literature. These include both the original articles where the topics in each
Section have been first spelled out, as well as suggestions for the reader who
wants to delve deeper into the open problems. The prerequisites are a basic
knowledge of the worldsheet description of strings in flat space, in particular
some familiarity with conformal field theory techniques, at the level taught in a
first year graduate course on string theory.
In Section 2 we introduce the pure spinor formalism for the superstring
in the simplest case of flat ten dimensions. We start recalling the worldsheet
variables used to describe a manifestly supersymmetric target superspace, then
we introduce the pure spinor action and BRST charge. We explain the BRST
cohomology equations for the massless vertex operators and mention the tree
level scattering amplitude prescription and the subtleties related to the fact that
the pure spinor conformal field theory describes a curved beta-gamma system.
At the end of the Section we recall the GS and pure spinor non-linear sigma
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models in a curved type II supergravity background and the relation between
superspace constraints and consistency of the worldsheet theory. In Appendix A
the reader can find the conventions used for the ten-dimensional gamma matrices
and the supervielbein. Appendix B contains a very detailed discussion of the
relation between the pure spinor BRST cohomology equations and the on-shell
description of ten-dimensional SYM theory in superspace.
In Section 3 we introduce the non-linear sigma models on supercosets. We
first derive the curved AdS superspace geometry using the supergravity con-
straints and then discuss the issues related to the choice of the light-cone gauge
in the GS formalism, as a motivation to introduce the pure spinor formalism.
After a brief introduction to supergroups and supercosets, we construct the GS
action on a supercoset that admits a Z4 grading and prove its kappa-symmetry.
We finally introduce the pure spinor action in AdS5 × S5 and briefly mention
the generalization to other interesting supercosets. In Appendix C the reader
can find more details on supercosets and the structure constants of the super-
conformal algebra.
In Section 4 we discuss the worldsheet quantum effective action in AdS.
We achieve quantization using the standard techniques of the background field
method, that we explain at length in the examples of the bosonic and the RNS
superstrings in a curved background. We then compute the one-loop quantum
effective action for the pure spinor superstring in AdS and show that its diver-
gent part vanishes, proving one-loop conformal invariance. This computation
is spelled out in full details and it is a pedagogical way to learn the methods
needed for more advanced goals. We then show that the finite renormalization
part of the effective action can be removed with local counterterms, which im-
plies that the AdS radius is not renormalized by α′ effects. We show also that
the one-loop Weyl central charge vanishes. Then we compute the algebra of
OPE of the worldsheet left-invariant currents and find that it is not a chiral
algebra, but left- and right-moving currents mix in the OPE. Finally, we extend
the proof of conformal invariance and absence of BRST and gauge anomalies
to all loops in the sigma model perturbation theory. In Appendix D we derive
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several results pertaining this Section, that we omitted from the main discussion
to ease the reading.
In Section 5, we give some examples of physical string states. We start
with a short review of some aspects of the AdS/CFT correspondence, related to
the spectrum of anomalous dimensions of local gauge invariant operators in the
gauge theory. We first discuss the massless vertex operators, corresponding to
type IIB supergravity compactified on the five-sphere and dual to the half BPS
sector of N = 4 SYM theory. As an example of a massive string state, we derive
the energy of a vertex operator at the first massive string level, that is dual to a
member of the Konishi multiplet, the simplest example of a long super-multiplet
of N = 4 SYM. Since this operator is not protected, its anomalous dimension is
non-vanishing. We compute the one-loop corrections to the Virasoro constraint,
whose solution determines the string energy, which in turn gives the anomalous
dimension. The result confirms its earlier conjectured value, obtained using
integrability. Finally, we briefly discuss the n-point correlation functions of
gauge invariant local operators in N = 4 SYM, dual to the n-point function of
vertex operators on the string worldsheet. We construct the zero mode measure
for the worldsheet variables and show that there is a well-defined higher genus
amplitude prescription, which computes 1/Nc corrections to the planar limit
of the AdS/CFT system. In the course of the discussion we introduce the b
antighost (which couples to the worldsheet Beltrami differential) in AdS, whose
construction is significantly easier than its flat space cousin, due to the Ramond-
Ramond flux present in the AdS background.
In Section 6, we discuss the integrability of the pure spinor sigma model
in AdS. After deriving the Lax representation of the worldsheet equations of
motion, we show the interplay between BRST cohomology and higher conserved
charges. Then we pass to the quantum theory and prove that the monodromy
matrix is not renormalized at one-loop and that the higher charges are conserved
at all-loops in the sigma model perturbation theory.
There are several reviews covering general aspects of the pure spinor formal-
ism: [29, 30, 31] have some overlap with Section 2 and 3; [32] is review of the
11
pure spinor formalism in a generic type II supergravity background, covering in
far greater detail the topics in Section 2.2; [33] covers in detail string scattering
amplitudes in flat space.
1.2. Open problems
The pure spinor formulation of superstrings in AdS provides the tools to
address a number of long standing problems in the AdS/CFT correspondence.
Some of them are:
• Half-BPS sector: The most urgent open problem concerns the character-
ization of the full string spectrum in AdS. There are a number of steps
to follow along this line of research. We already know that the world-
sheet massless vertex operators correctly describe type IIB supergravity
on the AdS5 × S5 background, as we explain in Section 5.2. However, we
would like to rewrite such vertex operators in a way that allows to identify
each single AdS supergravity field, together with their KK towers, e.g. as
worked out in the classical paper [34]. In this way we obtain a one-to-one
correspondence between each gauge invariant local operators in N = 4
SYM theory and a single string vertex operator. For instance, we want
to have a vertex operator that describes the gauge theory chiral primaries
TrZp (where Z = φ5 + iφ6 and φi are the six scalars in the N = 4
supermultiplet), in the same spirit as in the canonical AdS3 example [35].
• Massive spectrum: After understanding fully the half-BPS sector, the next
step is to solve for the massive spectrum. One can easily generalize the
example of the Konishi multiplet we discussed at length in Section 5.3,
to solve for the full massive spectrum in the sector of “short” strings,
whose energy scales as 4
√
λt. This algorithm can be easily extended to
higher loops in the sigma model perturbation theory, implementing the
background field method on a computer.
• Integrability and the spectrum: An alternative path to the solution of
the spectral problem would make use of integrability techniques, which
12
we do not apply in Section 5.3. As explained in Section 6, the pure
spinor sigma model in AdS is integrable at all-loops and BRST invariant.
Understanding the interplay between these two aspects will probably give
a handle to achieve the all-loop solution of the spectral problem in an
elegant way and, hopefully, derive the Y-system from first principles.
• Scattering amplitudes: Once we have some vertex operators at hand, we
can stick them into a correlator and compute n-point functions at genus g,
which will give the 1/Nc expansion of theN = 4 SYM correlators at strong
coupling. The worldsheet prescription for string scattering amplitudes is
explained in Section 5.4. This line of research is mostly unexplored and
will give us new insight into the non-planar features of AdS/CFT.
• Worldsheet derivation of AdS/CFT: The open/closed string duality be-
tween three-dimensional Chern-Simons theory and topological string the-
ory on a Calabi-Yau manifold, proposed by Gopakumar and Vafa [36], has
been derived by worldsheet techniques using the hybrid formalism for the
superstring [37, 38]. This relies on a formulation of the worldsheet as a
gauged linear sigma model. The pure spinor sigma model in AdS admits
such a gauged linear sigma model reformulation, in what is believed to be
the zero-radius limit of AdS [39, 40, 41, 42]. This is a very promising idea
that may lead to the worldsheet proof of AdS/CFT correspondence using
open/closed duality techniques.
• Deformations of AdS: There are many different examples of gauge/gravity
duality, realized in different ten-dimensional supergravity backgrounds,
with less than maximal supersymmetry. An obvious application of the
pure spinor formalism in AdS is to construct a worldsheet action for such
backgrounds. This has been already done only in the case of the beta-
deformation of N = 4 SYM theory, that preserves eight supercharges [43].
• Fermionic T-duality: An intriguing new symmetry of N = 4 SYM theory,
called dual superconformal symmetry, manifests itself on the string the-
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ory side as a new form of T-duality, called fermionic T-duality [44, 45],
which is a manifestation of integrability in disguise. Using the pure spinor
formalism, it is possible to study the 1/
√
λt and 1/Nc corrections to the
strong-coupling, planar limit of fermionic T-duality. Worldsheet fermionic
T-duality is applicable to any background with abelian super-isometries
and it would be of great interest to study this symmetry in full generality.
It has a potential of connecting different string theory backgrounds that
were previously regarded as unrelated.
1.3. Omitted topics
Some of the most recent and speculative developments are not discussed in
this review.
I am not discussing the new kind of perturbative worldsheet duality, called
fermionic T-duality, that has been found in the GS and pure spinor superstring
sigma model in AdS [44, 45]. This is the string theory manifestation of the
dual superconformal symmetry, a intriguing property of N = 4 SYM theory
scattering amplitudes, related to integrability [46].
A second topic I omitted is the recent insight towards a proof of the AdS/CFT
conjecture that has been obtained using the pure spinor formalism. In the AdS
background, unlike the one in flat space, one can derive the pure spinor sigma
model by gauge fixing a classical G/G principal chiral model [41], where G is the
PSU(2, 2|4) isometry supergroup. Even if naively such model looks trivial, the
gauge symmetry group has non-compact directions, whose proper gauge-fixing
leads to a non-trivial topological sigma model. This is related to the existence
of a truncation of the full superstring sigma model to a topological subsector,
conjectured to describe the zero-radius limit of AdS/CFT, namely free SYM
theory [39, 40, 41, 42, 47]. This is a very promising avenue towards the final
goal of having a worldsheet derivation of AdS/CFT from first principles, along
the lines of the Gopakumar-Vafa construction [37, 38].
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2. Generalities
In this Section, we introduce the pure spinor formalism for the superstring
in the simplest case of flat ten dimensions. We start recalling the worldsheet
variables used to describe a manifestly supersymmetric target superspace, then
we introduce the pure spinor action and BRST charge. We explain the BRST
cohomology equations for the massless vertex operators and mention the tree
level scattering amplitude prescription and the subtleties related to the fact that
the pure spinor conformal field theory describes a curved beta-gamma system.
At the end of the Section we recall the GS and pure spinor non-linear sigma
models in a curved type II supergravity background and the relation between
superspace constraints and consistency of the worldsheet theory. In Appendix A
the reader can find the conventions used for the ten-dimensional gamma matrices
and the supervielbein. Appendix B contains a very detailed discussion of the
relation between the pure spinor BRST cohomology equations and the on-shell
description of ten-dimensional SYM theory in superspace.
2.1. Superstring in flat space
In this Section we will briefly review the salient features of the pure spinor
formulation of the superstring in a flat ten-dimensional target space.
2.1.1. Open superstring
We will start with the construction of the open pure spinor superstring, or
more precisely the holomorphic part of the closed pure spinor superstring.
The matter sector is described by the supermanifold (xm, θα), where xm,m =
0, ..., 9 are commuting coordinates with the OPE
xm(z)xn(0) ∼ −ηmn log |z|2 , (1)
and θα, α = 1, ..., 16 are real worldsheet scalars anti-commuting coordinates.
xm transform in the vector representation of the target space Lorentz group
SO(1, 9), while θα transform in its 16 Majorana-Weyl spinor representation.
15
One introduces the worldsheet one forms pα as conjugate momenta to θ
α, with
the OPE
pα(z)θ
β(0) ∼ δ
β
α
z
. (2)
(pα, θ
β) is a free fermionic (b, c) system of weight (1, 0). (xm, pα, θ
β) are the GS
variables.
The ghost sector consists of a bosonic complex Weyl spinor ghost λα, α =
1, ..., 16, which satisfies the pure spinor constraint
λαγmαβλ
β = 0 m = 0, ..., 9 . (3)
The γmαβ are the symmetric 16×16 Pauli matrices in ten dimensions. The reader
can find details of the notations in Appendix A.1. A spinor λα that satisfies
the constraints (3) is called pure spinor. This set of ten constraints is reducible
as we will soon discuss. It reduces the number of degrees of freedom of λα from
sixteen to eleven. We denote the conjugate momenta to λα by the worldsheet
one-form wα, which is a bosonic target space complex Weyl spinor of opposite
chirality to λα. Because of the pure spinor constraints (3), the system (wα, λ
α)
is a curved beta-gamma system of weights (1, 0). If we want to find their free
field OPE we have to first solve the pure spinor contraint to go on a patch of
the pure spinor manifold, as in (32).
The pure spinor constraints imply that wα are defined up to the gauge
transformation
δwα = Λ
m(γmλ)α . (4)
Therefore, wα appear only in gauge invariant combinations. These are the
Lorentz algebra currents Nmn, the ghost number current Jλ which assigns ghost
number 1 to λ and ghost number −1 to w
Nmn =
1
2
wγmnλ, Jλ = wαλ
α , (5)
and the pure spinor stress-energy tensor Tλ. In flat space, these are all of the
gauge invariant combinations. In AdS, the story will get more interesting.
Unlike the RNS superstrings, all the variables that we use in the pure spinor
superstring are of integer worldsheet spin. This is an important property of
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the formalism, that translates in the simple perturbative expansion of string
amplitudes. In the pure spinor formalism, the genus expansion is performed on
bosonic Riemann surfaces. The RNS formalism, on the other hand, contains
worldsheet spinors and requires that multiloop scattering amplitudes be evalu-
ated on super-Riemann surfaces, which carry the complication of the sum over
spin structures. This in turn enforces the GSO projection, which again is absent
from the pure spinor formalism.
In the pure spinor formalism, the worldsheet metric is in conformal gauge
from the beginning. The conformal gauge fixed worldsheet action of the pure
spinor superstring is
S =
∫
d2z
(
1
2
∂xm∂¯xm + pα∂¯θ
α − wα∂¯λα
)
, (6)
where the last term represents the curved beta-gamma system which describes
the pure spinor manifold. The total central charge of the pure spinor superstring
is
ctot = cX + cp,θ + cw,λ = 10− 32 + 22 = 0 , (7)
as required by the absence of a conformal anomaly.
Physical states
The physical states are defined as the ghost number one cohomology of the
nilpotent BRST operator
Q =
∮
dz λαdα , (8)
where
dα = pα − 1
2
γmαβθ
β∂xm − 1
8
γmαβγmγδθ
βθγ∂θδ . (9)
The dα are the supersymmetric Green-Schwarz constraints. They are holo-
morphic and satisfy the OPE
dα(z)dβ(0) ∼ −
γmαβΠm(0)
z
, (10)
and
dα(z)Π
m(0) ∼ γ
m
αβ∂θ
β(0)
z
, (11)
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where
Πm = ∂xm +
1
2
θγm∂θ , (12)
is the supersymmetric momentum.3 dα acts on function on superspace F (x
m, θα)
as
dα(z)F (x
m(0), θβ(0)) ∼ DαF (x
m(0), θβ(0))
z
, (13)
where
Dα =
∂
∂θα
+
1
2
γmαβθ
β∂m , (14)
is the supersymmetric derivative in ten dimensions. It is immediate to check
the nilpotency of the BRST charge (8), due to the OPE’s (10) and the pure
spinor constraint (3).
Massless states are described by the ghost number one and weight zero vertex
operators
U (1) = λαAα(x, θ) , (15)
where Aα(x, θ) is an unconstrained spinor superfield.
The BRST cohomology conditions are
QU (1) = 0, δU (1) = QΩ(0) , (16)
where Ω(0) is a real scalar superfield of ghost number zero. These imply the
ten-dimensional field equations and gauge invariance for Aα(x, θ)
γαβmnpqrDαAβ(x, θ) = 0 , δAα = DαΩ
(0) , (17)
where we used the fact that
λαλβ =
1
1920
(λγmnpqrλ)γαβmnpqr , (18)
3In the GS formalism, dα’s are fermionic constraints on the worldsheet. Half of these
constraints is first class and it generates Siegel’s kappa-symmetry. The other half of these
constraints is second class. Because it is not possible to disentangle in a covariant way the
first and second class constraints inside dα, covariant quantization of the GS string has been
problematic to achieve. This is one of the motivations to use the covariant pure spinor
formalism.
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due to the pure spinor constraint. In Appendix B we show that these equations
are equivalent to the usual linearized equations of motion for the gluon and the
gluino. These equations imply that Aα is an on-shell super Maxwell spinor
superfield in ten dimensions. For instance, in Wess-Zumino gauge θαAα = 0 we
have
Aα(x, θ) =
1
2
(γmθ)αam(x) +
i
12
(θγmnpθ)(γmnp)αβψ
β(x) +O(θ3) (19)
where am(x) is the gauge field and ψ
β(x) is the gaugino. They satisfy the super
Maxwell equations
∂m(∂man − ∂nam) = 0, γmαβ∂mψβ = 0 . (20)
To make contact with the usual string quantization, let us recall how ver-
tex operators look like in the RNS superstring. There, the unintegrated ghost
number one weight zero vertex operator for the massless photon in the minus
one picture is
U (1) = am(x)ψmce−φ , (21)
where φ comes from the bosonization of the superconformal ghosts βγ and ψm
are the RNS fermions. By expanding the wavefunction am(x) in Fourier modes
and taking a constant polarization vector m, we arrive at the more familiar
form mψ
mce−φeikx. The vertex operator (21) can be mapped to the pure
spinor expression for the massless photon vertex operator U (1) = am(x)(λγmθ),
which is in fact the first term in the expansion (19). The relation between
integrated vertex operators V(0) and unintegrated ones U (1) is enforced by the
b ghost as
[
∮
b(z),U (1)(0)] = V(0) ,
which can be easily checked on (21) and its integrated cousin V(0) = am(x)ψme−φ.
By applying the BRST charge and the properties of the stress energy tensor,
this relation can be immediately recast into the descent equation
QV(0) = ∂ U (1) , (22)
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which yields∫
dz V(0)z =
∫
dz
(
∂θαAα + Π
mAm + dαW
α +
1
2
MmnF
mn
)
, (23)
where Wα and Fmn are the spinorial and bosonic field strength, respectively
DαW
β =
1
4
(γmn)βαFmn Fmn = ∂mAn − ∂nAm, . (24)
We have Wα = ψα + ... and Fmn = fmn + ... and Mmn are the spin part of
the generators of Lorentz transformations in the matter sector. When expanded
V(0) reads
V(0) = am∂xm + 1
2
fmnM
mn + ψαqα + ... , (25)
where qα is the space-time supersymmetry current
qα = pα +
1
2
(∂xm +
1
12
θγm∂θ)(γmθ)α . (26)
Note that, unlike the RNS, we do not need a GSO projection in order to get
a supersymmetric spectrum and that the Ramond and NS sectors appear on
equal footing in the pure spinor formalism.
Scattering Amplitudes
Consider the tree-level open string scattering amplitudes. The n-point func-
tion An on the disk reads
An = 〈 U (1)1 (z1)U (1)2 (z2)U (1)3 (z3)
∫
dz4V(0)4 (z4)...
∫
dznV(0)n (zn) 〉 . (27)
U (1)i are dimension zero, ghost number one vertex operators and V(0)i are dimen-
sion one, ghost number zero vertex operators. There are no moduli on the disk,
but only three conformal killing vectors,4 that generate the PSL(2, R) group as
usual. We will briefly comment on the ghost number anomaly in Section 2.1.2.
Hence, we can use the PSL(2, R) symmetry to fix the worldsheet location of
three vertices to their unintegrated form, just as in the bosonic string. Using
4In the RNS formalism, moduli and conformal killing vectors are, respectively, the b and c
ghost zero modes.
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the free field OPE’s we get rid of the non-zero modes and obtain
An =
∫
dz4...
∫
dzn〈λαλβλγfαβγ(zr, kr, θ)〉 , (28)
where kr are the scattering momenta. Thus, fαβγ depends only on the zero
modes of θ. There were eleven bosonic zero modes of λα and sixteen fermionic
zero modes of θα. One expects eleven of the fermionic zero modes integrals
to cancel the eleven bosonic zero modes integrals, leaving five fermionic θ zero
modes. A Lorentz invariant and supersymmetric prescription for integrating
over the remaining five fermionic θ zero modesis given by picking the component
〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 1 . (29)
One can show that this is the unique ghost number three and weight zero element
in the BRST cohomology. For more details about the amplitude prescription,
we defer the reader to the references listed at the end of this Section.
2.1.2. Pure spinor manifold
As we anticipated above, the pure spinor variables and their conjugate mo-
menta (w, λ) represent a curved beta-gamma system. The pure spinor set
of constraints (3) defines a curved space, which can be covered by sixteen
patches Uα on which the α-th component of λ
α is nonvanishing. The set of
constraints (3) is reducible. In order to solve it we rotate to Euclidean sig-
nature. The pure spinor variables λα transform in the 16 of SO(10). Un-
der SO(10) → U(5) ' SU(5) × U(1) we have that 16 → 1 5
2
⊕ 1¯0 1
2
⊕ 5− 32 .
We denote the sixteen components of the pure spinor in the U(5) variables by
λα = λ+ ⊕ λab ⊕ λa; a, b = 1..5 with λab = −λba. In this variables it is easy to
solve the pure spinor set of constraints (3) by
λ+ = es, λab = uab, λ
a = −1
8
e−sεabcdeubcude . (30)
The system (wα, λ
α) is interacting due to the pure spinor constraints. It has
the central charge c(w,λ) = 22, which is twice the complex dimension of the pure
spinor space
Tλ(z)Tλ(0) ∼ dimC(M)
z4
+ ... . (31)
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This can be computed, for instance, by introducing the conjugate momenta to
the U(5) variables (30) with the OPE
t(z)s(0) ∼ log z, vabucd ∼ −δ
ab
cd
z
, (32)
with δabcd =
1
2 (δ
a
c δ
b
d − δadδbc). The stress energy tensor and the ghost current in
U(5) notation read
Tλ = v
ab∂uab + ∂t∂s+ ∂
2s , (33)
Jλ =
1
2
uabv
ab + ∂t+ 3∂s .
The stress energy tensor can be recast in a covariant form by using the Lorentz
generators Nmn in (5) and the ghost current Jλ
Tλ =
1
10
NmnNmn − 1
8
J2λ + ∂Jλ .
The central charge of the pure spinor beta-gamma system is 22.5 The ghost
number anomaly reads
Jλ(z)Tλ(0) ∼ − 8
z3
+ ... =
c1(Q)
z3
+ ... , (34)
where c1(Q) is the first Chern class of the pure spinor cone base Q and Jλ =
wαλ
α is the ghost number current. The ghost number anomaly is thus +8.
The pure spinor spaceM is complex eleven-dimensional, which is a cone over
Q = SO(10)U(5) . At the origin λα = 0, both the pure spinor set of constraints (3)
and their derivatives with respect to λα vanish. Thus, the pure spinor space has
a singularity at the origin. This singularity is easily seen in the parameterization
(30), which naively blows up and requires dealing with multiple patches on the
pure spinor manifold. We will briefly mention how to deal with this issue when
discussing scattering amplitudes below.
5For a complex (1, 0) beta-gamma system one would naively expect a central charge of 44,
since the λ’s are complex Weyl spinors. However, the complex conjugate λ¯’s never appear in
the formalism, so that we can define the pure spinor as being a hermitian operator λα = (λα)†.
Since both the operator and its complex conjugate carry the same ghost number, one avoids
any inconsistencies. This ensures that the central charge is 22.
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The pure spinor system (λα, wα) defines a non-linear σ-model (also referred
to as a curved beta-gamma system) due to the curved nature of the pure spinor
space (3). There are global obstructions to define the pure spinor system on
the worldsheet and on target space. They are associated with the need for
holomorphic transition functions relating (λα, wα) on different patches of the
pure spinor space, which be compatible with their OPE. The need to use multiple
patches to chart the pure spinor manifold is evident from the fact, already
mentioned, that the U(5) parameterization in (30) is not global, but rather
blows up at λ+ = 0. The obstructions are reflected by quantum anomalies
in the worldsheet and target space (pure spinor space) diffeomorphisms. For
example, when passing from one patch to another, one must preserve the simple
OPE’s (32) between the variables and their conjugate momenta, but there may
be a topological obstruction to this. The conditions for the vanishing of these
anomalies are the vanishing of the integral characteristic classes
1
2
c1(Σ)c1(M) = 0, 1
2
p1(M) = 0 , (35)
c1(Σ) is the first Chern class of the worldsheet Riemann surface, c1(M) is the
first Chern class of the pure spinor spaceM, and p1 is the first Pontryagin class
of the pure spinor space. The vanishing of c1(M) is needed for the definition
of superstring perturbation theory. It is the usual Calabi-Yau condition on this
complex eleven-dimensional manifold and it implies the existence of the nowhere
vanishing holomorphic top form Ω(λ) on the pure spinor space M
Ω = Ω(λ)dλ1 ∧ ... ∧ dλ11 , (36)
where overall factor Ω(λ) ∼ 1/λ3 has ghost number minus three.
The pure spinor space (3) has a singularity at λα = 0. Blowing up the
singularity results in an anomalous theory, as it generates a non-zero first Chern
class. However, simply removing the origin leaves a non-anomalous theory.
This means that one should consider the pure spinor variables as twistor-like
variables.
We can reinterpret the tree-level amplitude prescription in light of this dis-
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cussion of the pure spinor manifold. The volume form [Dλ] = Ω on the pure
spinor manifold (36) contains an integration over eleven pure spinors, and it
carries ghost number +8, which coincides with the ghost number anomaly (34).
Since the integration over pure spinor zero modes in the scattering amplitude
(27) is the naive one, namely
∫
d11λ, we have the schematic relation
An ∼
∫
d11λ ∼
∫
[Dλ]λ3 ,
which agrees with the insertion of three unintegrated vertex operators in the
tree-level amplitude prescription (27). For a precise realization of this relation,
which is outside the scope of this review, we refer the reader to the literature
cited at the end of this Section.
If we want to compute multiloop scattering amplitudes we need to introduce
the bzz antighost, a composite operator of weight two and ghost number minus
one, which couples to the worldsheet Beltrami differentials and counts the mod-
uli of the Riemann surface. It is defined such that its anticommutator with the
BRST charge gives the total stress tensor: {Q, b} = T . In a flat background we
need to enlarge the field content by introducing a BRST quartet of worldsheet
variables to implement such a construction, which is usually referred to as the
non-minimal pure spinor formalism. In the AdS5 × S5 background, however,
there is no need to introduce such additional set of fields in order to construct
the b antighost. As we will explicitly see in Section 5.4.2, this is due to the
presence of an invertible RR flux.
2.1.3. Closed superstring
The construction of the closed superstring is straightforward. One introduces
the right moving superspace variables (pˆαˆ, θˆ
αˆ), the pure spinor system (wˆαˆ, λˆ
αˆ)
and the nilpotent BRST operator
Qˆ =
∮
dz¯ λˆαˆdˆαˆ . (37)
The analysis of the spectrum proceeds by combining the left and right sectors.
We can describe respectively type IIB or type IIA superstrings by taking the
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hatted spinor indices to have the same or opposite chirality of the unhatted
ones.
Massless states are described by the ghost number two vertex operator
U (2) = λαλˆαˆAααˆ(X, θ, θˆ) . (38)
The cohomology condition for a physical vertex operator U is that it satisfies
the equations and gauge invariances6
QU (2) = QˆU (2) = 0, (39)
δU (2) = QΛ + QˆΛ̂ with QˆΛ = QΛ̂ = 0.
Applying these conditions to U (2) = λβλ̂γ̂Aβγ̂ where Λ = λ̂αˆΩ̂αˆ and Λ̂ = λαΩα,
and using the fact that pure spinors satisfy
λαλβ =
1
1920
(λγmnpqrλ)γαβmnpqr and λ̂
αˆλ̂β̂ =
1
1920
(λ̂γmnpqrλ̂)γαˆβ̂mnpqr, (40)
one finds that Aβγ̂ must satisfy the conditions
γαβmnpqrDαAβγ̂ = γ
αˆγ̂
mnpqrDαˆAβγ̂ = 0, (41)
δAβγ̂ = DβΩ̂γ̂ +Dγ̂Ωβ with γ
αβ
mnpqrDαΩβ = γ
αˆγ̂
mnpqrDαˆΩ̂γ̂ = 0,
where Dα and Dαˆ are the supersymmetric derivatives of flat type II D = 10
superspace (14). Note that QΦ = λαDαΦ and QˆΦ = λ̂
αˆDαˆΦ for any superfield
Φ(λ, λ̂, x, θ, θˆ).
It will now be shown that the conditions of (41) correctly reproduce the Type
IIB supergravity spectrum. The easiest way to check this is to use the fact that
closed superstring vertex operators can be understood as the left-right product
of open superstring vertex operators. The massless open superstring vertex
operator is described by a spinor superfield Aβ(x, θ) satisfying the conditions
6 For the ordinary closed bosonic string with the standard definitions of Q and Qˆ, these
cohomology conditions reproduce the usual physical spectrum for states with non-zero mo-
mentum. For zero momentum states, there are additional subtleties associated with the b0−b0
condition which will be ignored.
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(17), that imply the super-Maxwell spectrum. Similarly, the equations of (41)
imply that there exists a gauge choice such that
Aβγ̂(x, θ, θˆ) = (γ
mθ)β(γ
nθˆ)γ̂hmn(x) + (γ
mθ)β(θˆγ
pqr θˆ)(γpqrψ̂m(x))γ̂ (42)
+(θγpqrθ)(γmθˆ)γ̂(γpqrψm(x))β + (θγmnpθ)γ
mnp
βα (θˆγqrsθˆ)γ
qrs
γ̂δ̂
Pαδ̂(x) + ...
where ... contains only auxiliary fields and where hmn(x), ψ
α
m(x), ψ̂
αˆ
m(x) and
Pαδ̂(x) satisfy the equations
∂m(∂mhpn − ∂phmn) = ∂m(∂mhpn − ∂nhpm) = 0, (43)
∂m(∂mψ
α
n − ∂nψαm) = ∂m(∂mψ̂αˆn − ∂nψ̂αˆm) = 0, ∂n(γnψm)α = ∂n(γnψ̂m)αˆ = 0,
γnαβ∂nP
βγ̂ = γn
γ̂δ̂
∂nP
αδ̂ = 0.
The equations of (43) are those of linearized Type IIB supergravity where hmn
describes the dilaton, graviton and anti-symmetric two-form, ψαm and ψ̂
αˆ
m de-
scribe the two gravitini and dilatini, and Pαδ̂ describes the Ramond-Ramond
field strengths
IIB :
1
gs
P = γa1Fa1 +
1
3!γ
a1a2a3Fa1a2a3 +
1
2·5!γ
a1...a5Fa1...a5 ,
IIA :
1
gs
P = F0 +
1
2!γ
a1a2Fa1a2 +
1
4!γ
a1...a4Fa1...a4 , (44)
where F0 is usually referred to as the Romans mass. We see that all the dif-
ferent RNS sectors (NS,NS), (R,R), (R,NS) and (NS,R) are on equal footing in
this representation. The integrated ghost number zero vertex operator for the
massless states reads∫
d2z V(0) =
∫
d2z
(
∂θαAααˆ∂¯θˆ
αˆ + ∂θαAαmΠ¯
m + ...
)
. (45)
It is sometimes convenient to choose a gauge for physical vertex operators
such that they are dimension zero worldsheet primary fields, i.e. they have no
double poles with the stress tensor. For the ordinary closed bosonic string, this
gauge is implemented by the zero mode of the antighost: b0U (2) = b¯0U (2) =
0. This condition imposes the usual Lorentz gauge on the gauge fields in the
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massless sector and is generally called Siegel gauge. Since {Q, b0} = L0, this
is equivalent to choosing a dimension zero vertex operator. This gauge choice
simplifies the computation of scattering amplitudes and, in string field theory,
it reduces the string propagator to b0/L0. In the pure spinor formalism, the
b antighost is a complicated composite operator, so one would rather analyze
the stress-tensor to find this gauge-fixing condition. The left and right-moving
stress tensors are
T =
1
2
∂xm∂xm + pα∂θ
α + Tλ and T =
1
2
∂xm∂xm + p̂αˆ∂̂θ
αˆ + T λ̂, (46)
where Tλ and T λ̂ are the c = 22 stress-tensors constructed from the pure spinor
variables λα and λ̂αˆ, as in (33). When acting on the massless vertex operator
U (1,1) = λαλ̂β̂Aαβ̂(x, θ, θˆ), the condition of no double poles with T or T implies
that ∂m∂
mAαβ̂ = 0. Furthermore, the on-shell BRST cohomology conditions
(41) imply that ∂m(∂mAnβ̂−∂nAmβ̂) = ∂m(∂mAαn−∂nAαm) = 0 where Amγ̂ =
1
16γ
αβ
m DαAβγ̂ and Aαm =
1
16γ
β̂γ̂
m Dβ̂Aαγ̂ . So the gauge-fixed equations for Aαβ̂
are
∂m∂mAαβ̂ = 0, ∂
mAmβ̂ = ∂
mAαm = 0. (47)
The gauge transformations (41) on the superfield Aααˆ, derived from the
requirement that the vertex operator is closed but not exact in the BRST co-
homology, include general coordinate invariance, which becomes apparent when
considering the component of the supergravity superfield corresponding to the
graviton in (42). So the residual gauge transformations which leave the gauge-
fixed equations of motion (47) invariant reduce to
δAβγ̂ = DβΩ̂γ̂ +Dγ̂Ωβ with ∂m∂
mΩβ = ∂m∂
mΩ̂β̂ = ∂
mΩm = ∂
mΩ̂m = 0.
(48)
2.2. Curved backgrounds
Now that we know how to describe strings in flat space, let us generalize to
a curved supergravity background. This is going to be the first step towards our
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goal of formulating the worldsheet theory in an AdS background in Section 3.
Details on the notations used in a curved background can be found in Appendix
A.2.
2.2.1. Green-Schwarz
We consider a target superspace with thirty-two supersymmetries in ten
dimensions. The conventions we use in a generic background are collected in
Appendix A.2. We denote the curved super-coordinates as ZM = {Xm, θµ, θˆµ̂},
where m = 0, . . . , 9 and the Grassmann-odd coordinates are sixteen dimensional
Majorana-Weyl spinors, of the same chirality for type IIB and of opposite chiral-
ities for type IIA. From now on, we will denote the right-moving spinor variables
with a hat and not with a bar, since in a curved background with RR flux the
holomorphic and anti-holomorphic separation of the worldsheet variables does
not hold anymore. The Green-Schwarz sigma model action is
SGS =
1
4piα′
∫
d2σ ∂iZ
M∂jZ
N
(√
ggijGNM (Z) + 
ijBNM (Z)
)
, (49)
where GNM , BNM are background superfields whose lowest components along
the directions Gmn(X), Bmn(X) describe the target space metric and NS-NS
two-form potential. The meaning of the other components will be clarified
shortly. The last term in the action (49) is the Wess-Zumino term, that can be
written in two dimensional form due to the fact that locally H = DB. Let us
introduce the target space supervielbeins EAM (Z) and denote their pullbacks on
the worldsheet as the currents JA = dZMEAM . In terms of these currents, the
action (49) reads
S =
1
4piα′
∫
d2σ
(√
ggijJai J
b
j ηab + 
ijJAi J
B
j BBA
)
, (50)
where GMN = E
a
ME
b
Nηab, BMN = E
A
ME
B
NBBA and ηab is the flat Minkowski
metric on the bosonic tangent space. In the case of flat backgrounds, Jai = Π
a
i
is the usual supersymmetric momentum, Jαi = ∂iθ
α and J αˆi = ∂iθ
αˆ, while the
super B-field has non-vanishing components Baα = (θγa)α, Baαˆ = −(θˆγa)αˆ and
Bααˆ = (θγa)α(θˆγ
a)αˆ. By plugging these expressions into (50) we go back to the
28
type II Green-Schwarz action in a flat background. As we will see in a moment,
the spinorial components of the super B-field are related not to background
fluxes, but to the torsion.
2.2.2. Pure spinor
The sigma model action for the type II pure spinor superstring in a generic
supergravity background is
S = 12piα′
∫
d2z[ 12Π
aΠ¯bηab +
1
2Π
AΠ¯BBAB + dαΠ¯
α + dˆαˆΠˆ
αˆ) (51)
+dαdˆαˆP
ααˆ + λαwβ dˆγ̂Cα
βγ̂ + λˆαˆwˆβ̂dγC˜αˆ
β̂γ + λαwβλˆ
αˆwˆβ̂S
ββ̂
ααˆ
+wα∇¯λα + wˆαˆ∇λˆαˆ + α′RΦ(Z)] ,
The independent worldsheet fields in this action are ZM = (Xm, θµ, θˆµˆ) and
(dα, dˆαˆ) in the matter sector, and (wα, λ
α, wˆαˆ, λ̂
αˆ) in the ghost sector. By
varying the action with respect to these fields, one can derive their equations of
motion. Note that dα and dˆαˆ can be treated as independent variables in (51)
since pα and pˆαˆ do not appear explicitly. The worldsheet matter fields are the
pullback of the target space super-vielbein ΠA = EAMdZ
M , where A = (a, α, αˆ)
is a tangent space superspace index and M = (m,µ, µˆ) a curved superspace
index. The ghost content is the same as in flat space and the covariant derivative
on λ (λˆ) is defined using the pullback of the left-moving (right-moving) spin
connection Ωα
β = dZMΩMα
β (Ωˆαˆ
β̂ = dZM ΩˆMαˆ
β̂) as
(∇λ)α = ∂λα + Ωβαλβ , (∇λˆ)αˆ = ∂λˆαˆ + Ωˆβ̂ αˆλˆβ̂ .
The background superfields B,P,C, C˜, S,Φ are functions of X, θ, θˆ. The back-
ground superfield BAB appearing in (51) is the superspace two-form poten-
tial; the lowest components of Cα
ββ̂ and C˜αˆ
β̂α are related to the gravitini and
dilatini; the lowest component of Pααˆ is the Ramond-Ramond bispinor field
strength. In the type II superstring, the dependence of the superfield P on the
Ramond-Ramond p-form field strengths Fp is (44). For example, in the type
IIB AdS5 × S5 background, Pααˆ = γααˆ01234 whose inverse is (P−1)ααˆ = γ01234ααˆ .
Sααˆ
ββ̂ is related to the Riemann curvature. The first line of (51) is the standard
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Type II GS action, but the other lines are needed for BRST invariance. As will
now be shown to lowest order in α′, nilpotence and holomorphicity of λαdα and
nilpotence and antiholomorphicity of λ̂αˆdˆαˆ imply the equations of motion for
the background superfields in (51).
If the Fradkin-Tseytlin term,
∫
d2zΦ(Z)R, is omitted, (51) is the most gen-
eral action with classical worldsheet conformal invariance and zero (left,right)-
moving ghost number which can be constructed from the Type II worldsheet
variables. Note that dα carries conformal weight (1, 0), dˆαˆ carries conformal
weight (0, 1), λα carries ghost number (1, 0) and conformal weight (0, 0), λ̂αˆ
carries ghost number (0, 1) and conformal weight (0, 0), wα carries ghost num-
ber (−1, 0) and conformal weight (1, 0), and wˆαˆ carries ghost number (0,−1)
and conformal weight (0, 1). Since wα and wˆαˆ can only appear in combinations
which commute with the pure spinor constraints, i.e. are invariant under the
gauge transformations (4), the background superfields must satisfy
(γbcde)αβΩMα
β = (γbcde)αˆ
β̂
ΩˆMαˆ
β̂ = (γbcde)αβC
βγ̂
α = 0 (52)
(γbcde)αˆ
β̂
Cˆ β̂γαˆ = (γ
bcde)αβS
βδ̂
αγ̂ = (γ
bcde)γ̂
δ̂
Sβδ̂αγ̂ = 0,
and the different components of the spin connections will be defined as
ΩMα
β = Ω
(s)
M δ
β
α +
1
2
ΩcdM (γcd)α
β , ΩˆMαˆ
β̂ = Ωˆ
(s)
M δ
β̂
αˆ +
1
2
ΩˆcdM (γcd)αˆ
β̂ . (53)
Since there are now two independent pure spinors, so one has two indepen-
dent fermionic structure groups, each consisting of the spin group times scale
transformations. One therefore has two independent sets of spin connections
and scale connections, (Ω
(s)
M ,Ω
ab
M ) and (Ωˆ
(s)
M , Ωˆ
ab
M ), which appear explicitly in
the Type II sigma model action.
In addition to being target-space super-reparameterization invariant, the
action of (51) is invariant under the local gauge transformations
δEbM = ηcdΛ
bcEdM , δE
α
M = Σ
α
βE
β
M , δE
αˆ
M = Σˆ
αˆ
β̂
Eβ̂M , (54)
δΩMα
β = ∂MΣ
β
α+Σ
γ
αΩMγ
β−ΣβγΩMαγ , δΩˆMαˆβ̂ = ∂M Σˆβ̂αˆ+Σˆγ̂αˆΩˆMγ̂β̂−Σˆβ̂γ̂ ΩˆMαˆγ̂ ,
δλα = Σαγλ
γ , δwα = −Σγαwγ , δλ̂αˆ = Σˆαˆγ̂ λ̂γ̂ , δwˆαˆ = −Σˆγ̂αˆwγ̂ ,
30
where Σβα = Σ
(s)δβα+
1
2Σ
bc(γbc)α
β , Σˆβ̂αˆ = Σˆ
(s)δβ̂αˆ+
1
2 Σˆ
bc(γbc)αˆ
β̂ , [Λbc,Σbc, Σˆbc] pa-
rameterize independent local Lorentz transformations on the [vector, unhatted
spinor, hatted spinor] indices, Σ(s) and Σˆ(s) parameterize independent local scale
transformations on the unhatted and hatted spinor indices, and the background
superfields [Pααˆ, Cβγ̂α , Cˆ
β̂γ
αˆ , S
βδ̂
αγ̂ ] transform according to their spinor indices.
Furthermore, the action of (51) and the BRST operators (55) are invariant
under a local shift transformations, which we omit.
The left- and right- moving BRST charges are
Q =
∮
dzλαdα , Qˆ =
∮
dz¯λˆαˆdˆαˆ , (55)
where d and dˆ are the pullback of the spacetime supersymmetric derivatives.
Conservation of Q and Qˆ and nilpotency of Q + Qˆ imply a set of type IIA/B
supergravity constraints, that put the background onshell. One-loop confor-
mal invariance of the worldsheet action is implied by such constraints. In the
following we will recall some of those constraints when needed.
The stress tensor for the pure spinor action in a generic type II supergravity
background reads
T = −1
2
ΠaΠbηab − dαΠα − wα(∇λ)α , (56)
2.2.3. Type II supergravity constraints
We will derive the contraints on the background superfields, coming from the
requirement that the worldsheet BRST operator be nilpotent and conserved.
Nilpotency constraints
The conditions implied by nilpotency of Q =
∮
λαdα and Qˆ =
∮
λ̂αˆdˆαˆ are
obtained imposing that
{Q,Q} = {Qˆ, Qˆ} = {Q, Qˆ} = 0 ,
which imply that
λαλβTαβ
C = λαλβHαβB = λ
αλβRˆαβγ̂
δ̂ = λαλβλγRαβγ
δ = 0, (57)
λ̂αˆλ̂β̂Tαˆβ̂
C = λ̂αˆλ̂β̂Hαˆβ̂B = λ̂
αˆλ̂β̂Rˆαˆβ̂γ
δ = λ̂αλ̂βλ̂γ̂Rαˆβ̂γ̂
δ̂ = 0,
31
Tαβ̂
C = Hαβ̂B = λ
αλβRαγ̂β
δ = λˆαˆλˆβ̂Rˆγαˆβ̂
δ̂ = 0,
for any pure spinors λα and λ̂αˆ, where TAB
α and RABβ
γ are defined using the
ΩMβ
γ spin connection, and TAB
αˆ and RˆABβ̂
γ̂ are defined using the ΩˆMβ̂
γ̂ spin
connection and H = dB. The nilpotency constraints on RABC
D are implied
through Bianchi identities by the nilpotency constraints on TAB
C .
Holomorphicity constraints
The BRST charge must be conserved on the worldsheet, i.e. the right-
moving BRST current must be holomorphic: ∂¯(λαdα) = 0; and the left-moving
one anti-holomorphic. We need the equations of motion for λ and d coming
from the action (51). To derive the constraints coming from holomorphicity
of λαdα and antiholomorphicity of λ̂
αdˆα, we vary λ
α, wα, λ̂
αˆ and we compute
EPα (δS/δZ
P ), obtaining an expression for ∂¯(λαdα).
Plugging into this expression the equations of motion coming from varying
dα and dˆαˆ,
Π¯α = −Pαβ̂ dˆβ̂ − Cˆ γ̂αβ̂ λ̂
β̂wˆγ̂ , Π
αˆ = P βαˆdβ − Cγαˆβ λβwγ , (58)
one finds that holomorphicity of λαdα implies that
Tα(bc) = Hαcd = Hαβ̂γ = Tαβc +Hαβc = Tαβ̂c −Hαβ̂c = 0 (59)
Tαc
β + Tαγ̂cP
βγ̂ = Tαc
β̂ − TαγcP γβ̂ = Tαβγ̂ − 1
2
HαβγP
γγ̂ = Tαγ̂
β = 0,
Cγβ̂α +∇αP γβ̂ − TαργP ρβ̂ = Rˆcαβ̂ γ̂ + TαρcCˆ γ̂ρβ̂ = Rˆαδβ̂
γ̂ − 1
2
HαδρC
γ̂ρ
β̂
= 0,
Sρδ̂αγ̂ + Rˆαβ̂γ̂
δ̂P ρβ̂ +∇αCˆ δ̂ργ̂ − TαβρCˆ δ̂βγ̂ = 0,
λαλβ(Rcαβ
γ + Tαδ̂cC
γδ̂
β ) = λ
αλβRδ̂αβ
γ = 0,
λαλβ(∇αCδγ̂β −RακβδPκγ̂) = λαλβ(∇αSρδ̂βγ̂ − Rˆακˆγ̂ δ̂Cρκˆβ −RακβρCˆ δ̂κγ̂ ) = 0,
where ΠA = EAM∂Z
M , Π¯A = EAM ∂¯Z
M , TABc = ηcdTAB
d, and all superspace
derivatives acting on unhatted spinor indices are covariantized using the ΩMα
β
connection while all superspace derivatives acting on hatted spinor indices are
covariantized using the ΩˆMαˆ
β̂ connection. Furthermore, the torsion TAB
α and
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curvature RABγ
δ are defined using the ΩMα
β connection whereas the torsion
TAB
αˆ and curvature RˆABγ̂
δ̂ are defined using the ΩˆMαˆ
β̂ connection. Note that
TAbc appears only in the combination Tα(bc). This combination is independent
of the spin connections since Ω
(s)
M and Ωˆ
(s)
M only act on spinor indices and since
ΩabM and Ωˆ
ab
M are antisymmetric in their vector indices. The last two lines of
equations must be satisfied for any pure spinor λα. Antiholomorphicity of λ̂αˆdˆαˆ
implies the hatted version of the above equations. The only subtle point is that
it implies Tαˆβ̂c − Hαˆβ̂c = Tαˆβc + Hαˆβc = 0, which together with the above
equations implies that
Tαβc +Hαβc = Tαˆβ̂c −Hαˆβ̂c = Tαβ̂c = Hαβ̂c = 0. (60)
The constraints of (57) and (59) will now be shown to imply the correct
Type II supergravity equations of motion.
Supergravity constraints
At scaling dimension − 12 , the constraints of (57) imply that
Hαβγ = Hαβγ̂ = Hαβ̂γ̂ = Hαˆβ̂γ̂ = 0 (61)
since there is no non-zero symmetric Hαβγ and Hαˆβ̂γ̂ satisfying λ
αλβHαβγ = 0
and λ̂αˆλ̂β̂Hαˆβ̂γ̂ = 0.
At dimension 0, the constraints λαλβTαβ
c = λ̂αˆλ̂β̂Tαˆβ̂
c = 0 imply that
Tαβ
c = i(γd)αβf
c
d and Tαˆβ̂
c = i(γd)αˆβ̂ fˆ
c
d for some f
c
d and fˆ
d
c . Using the dimen-
sion zero H Bianchi identities and the local Lorentz and scale transformations
of (54) for the unhatted and hatted spinor indices independently, both f cd and
fˆ cd can be gauge-fixed to δ
c
d. After this gauge-fixing, the only remaining gauge
invariance is a single local Lorentz invariance which acts on all spinor and vec-
tor indices in the standard fashion. Combining with the other dimension 0
constraints of (57) and (59), one has
Tαβ
c = −ηcdHαβd = i(γc)αβ , Tαˆβ̂c = ηcdHαˆβ̂d = i(γc)αˆβ̂ , Tαβ̂c = Hαβ̂c = 0. (62)
At dimension 12 , the constraints λ
αλβTαβ
γ = 0 and λ̂αˆλ̂β̂Tαˆβ̂
γ̂ = 0 imply
that Tαβ
γ = fγc (γ
c)αβ and Tαˆβ̂
γ̂ = fˆ γ̂c (γ
c)αˆβ̂ for some f
γ
c and fˆ
γ̂
c . Using the
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shift symmetries
δΩ(s)α = (γc)αβh
cβ , δΩbcα = 2(γ
[b)αβh
c]β ,
δdα = −δΩαβγλβwγ , δUIαβ = W γI δΩγαβ , (63)
both fγc and fˆ
γ̂
c can be gauge-fixed to zero so that Tαβ
γ = Tαˆβ̂
γ̂ = 0.
At dimension one, the constraint Tcα
β = Tcαˆ
β̂ = 0 decomposes into
Tcα
β = T defgc (γdefg)α
β + T dec (γde)α
β + Tcδ
β
α = 0, (64)
Tcαˆ
β̂ = Tˆ defgc (γdefg)αˆ
β̂ + Tˆ dec (γde)αˆ
β̂ + Tˆcδ
β̂
αˆ = 0.
The constraints Tc = Tˆc = 0 and T
de
c = Tˆ
de
c = 0 determine the vector
components of the spin connections Ω
(s)
c , Ωˆ
(s)
c , Ωc
de and Ωˆc
de, whereas the
constraint T defgc = Tˆ
defg
c = 0 is implied by the Bianchi identities (DH +
TH)bcαγ(γ
bdefg)αγ = 0 and (DH + TH)bcαˆγ̂(γ
bdefg)αˆγ̂ = 0. The constraints
Tαc
β̂ = (γc)αγP
γβ̂ and Tαˆc
β = (γc)αˆγ̂Pˆ
βγ̂ for some P γβ̂ and Pˆ βγ̂ are implied by
the Bianchi identities (∇T + TT )δ̂αβγ = (∇T + TT )δαˆβ̂γ̂ = 0. And P γβ̂ = Pˆ γβ̂
is implied by the Bianchi identity (∇T + TT )c
αβ̂c
= 0. Similarly, all other con-
straints in (57) and (59) are either implied by Bianchi identities or define Cβγ̂α ,
Cˆ β̂γαˆ and S
αγ̂
βδ̂
in terms of the supervielbein.
The above constraints imply that all background superfields appearing in
the action of (51) can be expressed in terms of the spinor supervielbein EMα and
EMαˆ . Furthermore, the constraints
Tαβ
c = i(γc)αβ , Tαˆβ̂
c = i(γc)αˆβ̂ , Tαβ̂
c = 0 (65)
imply the on-shell equations of motion for EMα and E
M
αˆ . So the constraints of
(57) and (59) imply the Type II supergravity equations of motion.
2.2.4. Invertible R-R superfield
Let us specialize to the case in which the vacuum expectation value of the RR
superfield Pααˆ is invertible and denote its inverse by Pααˆ such that PααˆP
αβ̂ =
δβ̂αˆ, PααˆP
βαˆ = δβα. The variables d and dˆ couple to the R-R field strength
34
through the term dαdˆαˆP
ααˆ in the action (51). If P is invertible we can integrate
d and dˆ out upon their equations of motion
dα = Pααˆ(Πˆ
αˆ + λρwσC
σαˆ
ρ ) , (66)
dˆαˆ = −Pααˆ(Π¯α + λˆρˆwˆσˆC˜ρˆσˆα) . (67)
Substituting (66) into the stress tensor (56) we find
T = −1
2
ΠaΠbηab − Pγγ̂(Πˆγ̂ + λρwβCβγ̂ρ )Πγ − wα(∇λ)α . (68)
The proof that the stress tensor (56) is separately invariant under the BRST
transformations generated by the left and right-moving BRST charges
{Q,T} = {Qˆ, T} = 0 , (69)
involves the supergravity constraints that we just introduced.
Guide to the literature
The fact that pure spinors can be used to describe ten-dimensional on-
shell super Yang-Mills theory and supergravity was noticed a long time ago
[48, 49, 50, 51]. Building on this fact, the pure spinor formalism for the su-
perstring was put forward by Berkovits in [15]. The tree level prescription for
scattering amplitudes is given in [15], while the multiloop prescription for scat-
tering amplitudes in flat space appears in [52]. The multiloop prescription of
[52] involves picture changing operators and has been reformulated in terms of
the non-minimal pure spinor formalism in [53, 54]. An exhaustive discussion
of the anomalies of the pure spinor curved beta-gamma system and its U(5)
decomposition can be found in [55].
The pure spinor formalism in a generic type II supergravity background
is discussed in [56], where the holomorphicity and nilpotency constraints are
derived (for a review, see [32]). A proof of the equivalence of such constraints
with the more familiar Howe and West formalism [57] is given, too. The relation
between the constraints and worldsheet one-loop conformal invariance, which we
have omitted, can be found in [58]. The case of a supergravity background with
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an invertible RR superfield is discussed in [59], where the properties of the stress
tensor and the b antighost are studied. A general procedure to construct the
pure spinor action in type IIA supergravity backgrounds using free differential
algebras appears in [60, 61].
Since we have in mind the application of the pure spinor formalism to AdS5×
S5 background, we have not discussed at all the issue of the origin of the pure
spinor formalism, namely how to obtain such a quantum action and BRST
charge by performing a gauge fixing of a classical action. Some papers that
address this problem are [62, 63, 64]. In the superparticle case, it is actually
possible to obtain the pure spinor formalism from the classical Brink-Schwarz
action [29]. The pure spinor superstring is equivalent to the RNS and the GS
formalisms. Although we will not address this issue in this review, the interested
reader can find the proof of equivalence to the RNS string in [65, 66] and to the
light-cone GS string in [67, 68].
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3. Supercoset sigma models
In this Section, we introduce non-linear sigma models on supercosets. We
first derive the curved AdS superspace geometry using the supergravity con-
straints from the previous Section, then discuss the issues related to the choice
of the light-cone gauge in the GS formalism, as a motivation to introduce the
pure spinor formalism. After a brief introduction to supergroups and super-
cosets, we construct the GS action on a supercoset that admits a Z4 grading
and prove its kappa-symmetry. We finally introduce the pure spinor action in
AdS5 × S5 and briefly mention the generalization to other interesting super-
cosets. In Appendix C the reader can find more details on supercosets and the
structure constants of the PSU(2, 2|4) supergroup.
3.1. AdS geometry
In this section we will solve the supergravity constraints discussed in Sec-
tion 2.2.2 and derive the value of the superfields in the particular AdS5 × S5.
We will then plug such background superfields in the action (51) and derive the
worldsheet non-linear sigma model action.
The type IIB supergravity solution for AdS5×S5 is given by the metric and
five-form flux
ds2 = e2φ/R[−dt2 + (dxi)2] + dφ2 +R2dΩ25 , (70)
F5 = (1 + ∗)Vol(S5)Nc/R5 , (71)
whereNc are the units of RR flux through the five-sphere andR
2 = α′(4pigsNc)1/2
is the radius of the sphere and of AdS and the AdS boundary is at φ→∞.
The type IIB Ramond-Ramond fluxes couple to the worldsheet fields through
the vertex operator
V(0)RR =
∫
d2z dαP
αβ̂ d̂β̂ .
The bispinor superfield
Pαβ̂ = gs
(
(γm)αβ̂Fm +
1
3!
(γmnp)αβ̂Fmnp +
1
5!
(γmnpqr)αβ̂Fmnpqr
)
, (72)
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contains the one- three- and five-form fluxes F ’s and in the background (70)
takes the form
Pαβ̂ =
ηαβ̂
(gsNc)1/4
, ηαβ̂ = (γ01234)αβ̂ . (73)
The matrix ηαβ̂ has rank sixteen and is numerically equal to the identity matrix,
in particular it is invertible.
Consider the definition of the superfield three-form flux with curved indices
H = dB. One can pass to flat indices by introducing the super-vielbeins and
recalling the definition of the torsion TA = ∇EA = dEA − EB ∧ ΩBA, where
ΩB
A is the spin connection. We obtain then the flat index equation H =
∇B+TB and in particular the component Haαβ = Taαβ̂Bββ̂ . The supergravity
constraints fix Haαβ = −T bαβηab = −(γa)αβ and the Bianchi identity for the
torsion implies that Taα
β̂ = −(γa)αβP ββ̂ . Hence we obtain a non-vanishing
component of the super B-field
Bαβ̂ =
1
2
P−1
αβ̂
=
1
2
(gsNc)
1/4ηαβ̂ . (74)
The pull-back of the spin connection is given by dZMΩMα
β = 12J
mn(γmn)α
β ,
while the Riemann curvature is computed as follows. From the torsion Bianchi
identity one finds Rabcd =
1
8 (γcd)β
αTα[a
β̂Tb]αˆ
β , then by using T β̂aα = (γa)αβP
ββ̂
and T βaαˆ = (γa)αˆβ̂P
ββ̂ , together with the definitions of the gamma matrices in
the Appendix and using the fact that [γab, γa′b′ ] = 0, we find that
Rabcd =
2
(gsNc)1/2
ηa[bηc]d , Ra′b′c′d′ = − 2
(gsNc)1/2
ηa′[b′ηc′]d′ . (75)
where the unprimed indices denote the AdS directions and the primed indices
denote the sphere directions.
3.1.1. Green-Schwarz
We write the sigma model by making use of the pull-backs of the super-
vielbeins JA = dZMEAM , hence the sigma model fields will take values in the
tangent superspace. The Green-Schwarz-Metsaev-Tseytlin sigma model on the
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AdS5 × S5 background depends only on Bαβ̂ , which takes care of the Wess-
Zumino term7
S =
R2
2pi
∫
d2σ
(√
ggijJai J
b
j ηab +
ij
2
ηαβ̂J
α
i J
β̂
j
)
. (76)
We have performed a rescaling of the currents Ja → (gsNc)1/4Ja, Jα →
(gsNc)
1/8Jα and J αˆ → (gsNc)1/8J αˆ. The sigma model inverse coupling squared
is usually set to be R2/α′. By the AdS/CFT correspondence, such quantity is
equal to the ’t Hooft coupling λt = g
2
YMNc of N = 4 super Yang-Mills theory
R2/α′ =
√
λt . (77)
We will set α′ = 1 in the following.
By performing a κ-symmetry transformation
δκZ
MEaM = 0 , δκZ
MEαM = ρ
α , δκZ
MEαˆM = ρ̂
αˆ , (78)
where ρα = 12 (γa)αˆβ̂η
αβ̂Jai κ
iβ and ρ̂αˆ = − 12 (γa)αβηβαˆJai κiα, the variation of
the action is proportional to the Virasoro constraints, which can be canceled by
an appropriate transformation of the worldsheet metric
δκ(
√
ggij) = 4
√
h ηααˆ(P
ik
− J
αˆ
k κ
jα − P ik+ Jαk kjαˆ) , (79)
where κiα = P ij− κ
α
j , κ
iαˆ = P ij+ κ
αˆ
j and P± are the usual worldsheet projectors.
Note that while in flat space the WZ term transforms as a total derivative
under supersymmetry, the action (76) is manifestly invariant under the target
space isometry PSU(2, 2|4).
Light-cone gauge issues
In flat space and in a plane wave background, the Green-Schwarz (GS) action
can be quantized in the light-cone gauge, where the theory becomes free and the
7Unlike in the pure spinor formalism, in which θα and θαˆ have independent Lorentz trans-
formations, in the Green-Schwarz formulation they transform with the same Lorentz parame-
ter. Hence, in the Green-Schwarz-Metsaev-Tseytlin action we could drop the hatted notation
on the θαˆ. However, we keep it anyway because our goal here is to construct the pure spinor
action.
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spectrum can be easily computed. In AdS background (70), however, the use
of the GS sigma model is limited, due to the fact that it is hard to impose the
light-cone gauge when expanding around empty AdS. Therefore, it is hard to
study the perturbative spectrum of the GS formulation around empty AdS. On
the other hand, the light-cone gauge can be imposed consistently if we expand
around a classical solution of the GS equations of motion for string configura-
tions with energies of orderO(λ). This is the solitonic sector of string theory and
it contains a variety of macroscopic strings. By the AdS/CFT correspondence,
these strings are dual to gauge invariant local operators with an asymptotically
large number of elementary fields on the super Yang-Mills side. Let us see why
it is hard to fix the light-cone gauge around empty AdS background.
In flat space or in a plane wave background, the worldsheet symmetries
can be fixed in the following way. As a first step, we choose the κ-symmetry
light-cone gauge γ+θI = 0, where γ+ = γ3 + γ0, that drastically simplifies the
equation of motion for X+ to
∂i(
√
ggij∂jX
+) = 0 . (80)
Then one chooses the conformal gauge gij = ηij on the worldsheet, which
leaves the residual invariance {σ+, σ−} → {σ˜+(σ+), σ˜−(σ−)}. This implies
that τ(σ+, σ−) is a solution of ∂+∂−τ = 0. In conformal gauge, the equation of
motion (80) becomes ∂+∂−X+ = 0. We can thus fix the residual invariance by
setting τ ∼ X+ in a way consistent with the equations of motion for X+.
The above procedure can be implemented whenever the background geom-
etry is a direct product R1,1 ×M8. The AdS5 × S5 metric (70) does not fall
in this category. Let us try to apply the naive gauge fixing procedure outlined
above and see what goes wrong. The κ-symmetry light-cone gauge γ+θI = 0
simplifies the GS action, leaving in the sigma model a linear dependence on the
X− coordinates. Upon integrating it out, we obtain the constraint
∂i(e
2φ√ggij∂jX+) = 0 , (81)
which, unlike (80), depends explicitly on the radial coordinate. After choosing
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the conformal gauge gij = ηij , the residual invariance, encoded in the equation
∂+∂−τ = 0, is not compatible with the equation for X+ anymore, because of
the explicit appearance of the warp factor depending on the radial direction e2φ.
We can rephrase this obstruction in a more geometrical language, by observing
that in AdS there is no globally defined null Killing vector. The norm of a
would-be null Killing vector is proportional to e2φ, which vanishes near the AdS
horizon φ = −∞.
One might try a different approach and, after fixing the κ-symmetry, solve
first the constraint (81) in terms of a generic function f(σ, τ) as
e2φ∂iX
+ = gij
jk√
g
∂kf . (82)
This is just a field redefinition, since the GS action in the κ-symmetry light-cone
gauge depends on X+ only through the combination e2φ∂iX
+. Then one fixes
the reparametrization invariance by choosing
√
ggij = diag(−e−2φ, e2φ) . (83)
It turns out that the gauge (83) is compatible with the special choice f = σ
and X+ = τ in (82), so that the kinetic term for the remaining fermions,
schematically of the form θ¯Dθ, is non-degenerate, i.e. it does not depend on the
AdS background variables.
The gauge choice (83), unlike the naive light-cone gauge, is consistent even
in an AdS background, but it leads to two problems. Firstly, the resulting
sigma model is defined on a curved worldsheet geometry, where the worldsheet
metric is related to the radial profile in AdS and one looses the two dimensional
Lorentz symmetry. Secondly, the resulting action is an interacting sigma model:
unlike the light-cone action in flat space, it cannot be quantized in terms of free
fields. It remains an open problem to find a change of variables that may lead
to further progress in the quantization.
Despite these difficulties, it has been recently shown that one can extrapolate
the spectrum of perturbative strings by first quantizing the sigma model around
a semi-classical string with energy of order O(λt) and large spin and/or R-
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charge, and then take the limit in which spin and/or R-charge become of order
one. This extrapolation to the perturbative string regime reproduces the results
that we will discuss in Section 5, where we will compute the perturbative string
spectrum using the pure spinor formalism. It is an open problem to understand
why this limit is valid.
Having seen that the GS sigma model is hard to quantize around empty
AdS, we turn now to the study of the pure spinor sigma model.
3.1.2. Pure spinor
The pure spinor action in a general background is given by (51), that we can
rewrite schematically as
S = SGS + Sκ + Sghost . (84)
By plugging the values of the background fields (73), (74), (75), together with
the super-vielbeins and the spin connections, we specialize the pure spinor action
to the maximally supersymmetric AdS5 × S5. The first term is the Green-
Schwarz action (76) in conformal gauge
SGS =
R2
2pi
∫
d2z
(
1
2
JaJ¯bηab − 1
4
ηαβ̂J
αJ¯ β̂ +
1
4
ηαβ̂ J¯
αJ β̂)
)
.
The fermionic part of the action, antisymmetric in the worldsheet index, is
usually called the WZ term and it does not provide a kinetic term for the
fermions. The second term is the coupling to the background super-vielbeins
and the RR superfield Pααˆ of the conjugate momenta to the θ’s, which breaks
κ-symmetry of the GS action and introduces a kinetic term for the fermions
Sκ =
R2
2pi
∫
d2z
(
dαJ¯
α + dˆαˆJ
αˆ + dαdˆαˆη
ααˆ
)
.
The matter part of the action contains the coupling of the dilaton to the world-
sheet curvature through the Fradkin-Tseytlin term, but since in the AdS5 × S5
background the dilaton is constant, we will not write it explicitly. The last
term in (84) contains the action for the ghosts and their coupling to the spin
42
connections and the Riemann curvature8
Sghost =
R2
2pi
∫
d2z
(
−wα(∇¯λ)α + wˆαˆ(∇λˆ)αˆ − 1
2
(NabNˆab −Na′b′Nˆa′b′)
)
, (85)
where
(∇¯λ)α = ∂¯λα + 12 J¯ab(γabλ)α + 12 J¯a′b′(γa
′b′λ)α , (86)
(∇λˆ)αˆ = ∂λˆαˆ + 12Jab(γabλˆ)αˆ + 12Ja′b′(γa
′b′ λˆ)αˆ ,
and (N, Nˆ) are the Lorentz generators in the ghost sector, defined in (5). Since
the RR superfield is a rank sixteen matrix, the d’s are auxiliary fields and we
can integrate them out upon their equations of motion
dα = J
αˆηααˆ , dˆαˆ = −J¯αηααˆ ,
obtaining the final form of the pure spinor action
S =
R2
2pi
∫
d2z
(
1
2
JaJ¯bηab − 1
4
ηαβ̂J
αJ¯ β̂ − 3
4
ηαβ̂ J¯
αJ β̂)
)
+ Sghost . (87)
The asymmetry in the factors 1/4 and 3/4 in front of the fermionic terms is
easily understood. It is just the sum of the WZ term in the GS action, which
carries a 1/4 factor, with the kinetic term for the fermions −ηαβ̂ J¯αJ β̂ , coming
from integrating out the auxiliary variables dα and dˆαˆ.
The action (87) is invariant under the BRST transformations generated by
Q =
∮
dzλαdα +
∮
dz¯λˆαˆdˆαˆ = −
∮
dzλαJ αˆηααˆ +
∮
dz¯λˆαˆJ¯αηααˆ ,
and under the local Lorentz symmetry SO(1, 4)×SO(5) and the global PSU(2, 2|4)
supergroup. We postpone the discussion of the action and its symmetries to the
next section, in which we will arrive at (87) from a supercoset construction, that
will give us a deeper insight into the geometry.
8We rescaled the d’s by (gsNc)3/8, the Lorents generators for the ghost by (gsNc)1/2 and
the matter currents as in (76).
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3.2. Supercosets
In this section we will rederive the pure spinor action (87) using a supercoset
construction. The maximally supersymmetric type IIB background AdS5 × S5
is described by the supercoset
G
H
=
PSU(2, 2|4)
SO(1, 4)× SO(5) .
After reviewing the salient features of this supercoset, we will introduce the
superstring sigma model and discuss its local and global symmetries. The crucial
ingredient will be the presence of a Z4 automorphism of the psu(n, n|2n) super
Lie-algebra, whose invariant locus is the gauge symmetry group H. The same
Z4 grading will be used later in Section 6 to prove the integrability of the sigma
model.
The supergroup U(m|m) can be represented in terms of the m|m complex
unitary supermatrices. Its bosonic subgroup is U(m)×U(m) and the fermionic
generators transform in the (m⊗ m¯)⊕ (m¯⊗m). Its Lie superalgebra G admits
a representation in terms of supermatrices
M =
 A X
Y B
 (88)
where A and B are bosonic hermitian matrices and X,Y are fermionic matrices.
We can define the supertrace operation by
StrM = TrA− (−)deg(M)TrB ,
where deg(M) = 0 if A,B are bosonic and one otherwise. The supergroup can
be decomposed as U(m|m) = PSU(m|m)×U(1)Y ×U(1)D, where the 2m2− 2
generators of PSU(m|m) are the traceless and supertraceless ones, that we
denote TA, while the two remaining generators are
Y =
 Im 0
0 −Im
 , I =
 Im 0
0 Im
 , (89)
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where Y, usually denoted hypercharge, acts as an outer automorphism and I,
generator of the diagonal U(1)D, is a central extension
[TA,TB} = FCABTC + dABI ,
[Y,TA] = C
B
ATB , (90)
[Y, I] = [I,TA] = 0 .
Imposing the condition StrM = 0 removes Y and gives the superalgebra of
SU(m|m). If we quotient the supergroup by the action of I we get the super-
group denoted by PSU(m|m). One can still define the superalgebra psu(m|m)
by the supermatrix (88), subject to the condition TrA = TrB = 0. Since
it is not possible to represent this last condition in a PSU(m|m) invariant
way (which would involve super-traces, super-determinants or super-matrix re-
lations), this superalgebra does not admit a matrix representation; instead, we
realize it by a coset construction as we just described.
The superalgebra psu(2n|2n) admits a Z4 automorphism generated by
Ω(M) =
 JAtJ −JY tJ
JXtJ JBtJ
 , J =
 0 −In
In 0
 ,
which splits the superalgebra into its four eigenspaces
G = H1 ⊕H2 ⊕H3 ⊕H4 , (91)
where Ω(Hk) = ikHk. The fermionic generators belong to H1 and H3 and they
are related by hermitian conjugation (H1)† = H3. This last fact will imply that
the left and right moving pure spinors in the AdS background are the complex
conjugate of each other and will bear important consequence for the scattering
amplitude computations.
The invariant locus of this Z4 automorphism is given by the bosonic subal-
gebra usp(2n) × usp(2n). Since the Z4 grading is an automorphism of the Lie
superalgebra, we have that
[Hk,Hl} ⊂ Hk+l mod 4 ,
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and it is compatible with a supertrace operation
StrHkHl = 0 unless k + l = 0 mod 4 .
Let us specialize to the supergroup PSU(2, 2|4), whose bosonic subgroup is
SO(2, 4) × SO(6). The invariant locus of the superalgebra under the Z4 auto-
morphism is H0 = SO(1, 4)×SO(5) and the bosonic part of the ten dimensional
geometry of AdS5 × S5 is described by the coset
SO(2, 4)
SO(1, 4)
× SO(6)
SO(5)
.
We divide the psu(2, 2|4) generators in the fundamental representation accord-
ing to their grading. H0 = {T[ab],T[a′b′]} are the generator of the Lorentz
group, where a, a′ = 1, . . . , 5 are indices in the fundamental representation of
SO(1, 4) and SO(5) respectively. The other bosonic generators are the ten
H2 = {Ta,Ta′}, which generate the translations along AdS and the five-sphere
respectively. Finally, the thirty-two fermionic generators are H1 = {Tα} and
H3 = {Tαˆ}, where α, αˆ = 1, . . . , 16 are ten dimensional Majorana-Weyl spinor
indices (they both have the same chirality, as required by the type IIB super-
space). The relation of this ten dimensional notation with the supermatrix
representation in (88) is schematically X = Tα + iTαˆ and Y = Tα − iTαˆ. The
non-vanishing supertraces of the generators are
Str TaTb = ηab , Str Ta′Tb′ = δa′b′ ,
Str TabTcd =
1
2
ηa[cηd]b , Str Ta′b′Tc′d′ = −1
2
δa′[c′δd′]b′ ,
Str TαTαˆ = −Str TαˆTα = ηααˆ ,
where ηααˆ is numerically equal to the identity matrix and is the object we defined
in (73). The supertrace of the generators in the fundamental representation
Str TATB = ηAB defines the metric on the supergroup. The non-vanishing
structure constants of the psu(2, 2|4) superalgebra are given in Appendix B.
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3.2.1. Green-Schwarz
Let us construct the GS sigma model on the supercoset G/H, where the
supergroup G admits a Z4 automorphism, by gauging its invariant locus, whose
superalgebra is H0. Consider the maps
g(σ, τ) : Σ→ G/H , (92)
from the string worldsheet to the supercoset. The coset element transforms as
g(σ, τ)→ g0g(σ, τ)h(σ, τ) , (93)
under the global g0 ∈ G and local h(σ, τ) ∈ H symmetry transformations.
The pull-backs on the worldsheet of the target space supervielbeins are the
Maurer-Cartan one-forms J = g−1dg, which are invariant under the global
symmetry that acts by left multiplication by a constant group element. The
Maurer-Cartan currents take values in the Lie superalgebra of G and can be
decomposed according to their Z4 grading
J = J0 + J1 + J2 + J3 . (94)
They satisfy the Maurer-Cartan equation
dJ + J ∧ J = 0 , (95)
which split according to the Z4 grading of the generators and, in conformal
gauge, read
∂J¯0 − ∂¯J0 + [J0, J¯0] + [J1, J¯3] + [J3, J¯1] + [J2, J¯2] = 0 ,
∇J¯1 − ∇¯J1 + [J2, J¯3] + [J3, J¯2] = 0 , (96)
∇J¯2 + ∇¯J2 + [J1, J¯1] + [J3, J¯3] = 0 ,
∇J¯3 + ∇¯J3 + [J1, J¯2] + [J2, J¯1] = 0 ,
where ∇Ji = ∂Ji + [J0, Ji]. We would like to gauge the part of the super-
group which is generated by H0 under its right action g(σ)→ g(σ)h(σ). While
J1, J2, J3 transform by conjugation J → h−1Jh, or infinitesimally
δJ = dΛ + [J,Λ] , Λ ∈ H0 , (97)
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the grading zero current transforms inhomogeneously as J0 → h−1J0h+h−1dh.
It is then clear that any gauge invariant lagrangian on the supercoset is given
by a bilinear in the currents, whose total grading charge vanishes and does not
contain J0.
Using these ingredients, let us first construct the Green-Schwarz action on
the supercoset. We have a kinetic term for the bosonic currents J2, but we
cannot allow a kinetic term for the fermionic currents, which would break κ-
symmetry. The fermionic currents can only enter through a Wess-Zumino term
and the sigma model action is given by
SGS =
1
4
∫
d2σ Str (J2 ∧ ∗J2 + J1 ∧ J3) (98)
= 14
∫
d2σ Str
(√
ggijJ2iJ2j + 
ijJ1iJ3j
)
.
which is a particular form of (50). The coefficient of the WZ term is fixed by
κ-symmetry, as we will shortly check. The slightly unusual feature is the form
of the WZ term, that we will now discuss.
A sigma model on a supergroup manifold G admits a WZ term constructed
from a closed three-form, whose pull-back is written in terms of the Maurer-
Cartan currents as
Ω(3) = Str J ∧ (J ∧ J) = ηABfBCDJA ∧ (JC ∧ JD) .
The three-form is closed because of the Maurer-Cartan equation (95) and the
Jacobi identity on the structure constants fBCD. The WZ term is the integral of
Ω(3) on a three dimensional manifold, whose boundary is the string worldsheet.
Because the three-form is closed, it is possible to write it locally as a two form,
then we can write the WZ term as a regular integral on the two-dimensional
worldsheet as in (50). In the case in which the target space is not a supergroup,
but a supercoset equipped with a Z4 automorphism, we can readily write down a
WZ term by using the fact that the gauge invariant operators have total grading
zero and do not depend on J0. The three-form Ω
(3) = Str [(J1∧J1−J3∧J3)∧J2]
takes values in the supercoset and it is exact due to the Maurer-Cartan equations
(96), hence Ω(3) = dΩ(2), where Ω(2) = Str J1 ∧ J3.
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Another way to understand the two dimensional WZ term in the AdS back-
ground is the fact that in such background there is one tensor with the correct
spinor indices, namely the inverse of the RR flux ηααˆ, that yields a grading
zero term in the action. Hence, the only possibility for a WZ term is the form
ηααˆ
ijJαi J
αˆ
j in (76).
The coefficient of the WZ term is fixed by requiring that the GS action
(98) is invariant under Siegel’s κ-symmetry transformations. It is convenient to
parameterize the κ-transformation by
δκxi ≡ δκXMJiM ,
where the index M runs over the target superspace indices and XM are the
superspace coordinates, while i = 1, . . . , 3 denotes the Z4 grading. Since Ji =
dXMJiM we obtain the following transformations of the currents
δκJ0 = dδκx0 + [J0, δκx0] + [J1, δκx3] + [J2, δκx2] + [J3, δκx1] ,
δκJ1 = dδκx1 + [J0, δκx1] + [J1, δκx0] + [J2, δκx3] + [J3, δκx2] ,
δκJ2 = dδκx2 + [J0, δκx2] + [J2, δκx0] + [J1, δκx1] + [J3, δκx3] ,
δκJ3 = dδκx3 + [J0, δκx3] + [J1, δκx2] + [J2, δκx1] + [J3, δκx0] .
Using these transformations and taking into account the Maurer-Cartan equa-
tions, the κ-transformation of the action is
δκSGS =
1
4
∫
d2σ Str
(
ij∂i(J3jδκx1 − J1jδκx3) + δκ(√ggij)J2iJ2j +
+ 2
√
ggij(J2i∂jδκx2 + [J2i, J0j ]δκx2) + 
ij([J1i, J1j ]
−[J3i, J3j ])δκx2 − 2(√ggij + ij)[J1j , J2i]δκx1 + 2(√ggij
−ij)[J2i, J3j ]δκx3
)
. (99)
The κ-transformation is parameterized by
δκx2 = 0 , δκx1 = [J2i, κ
i
3] , δκx3 = [J2i, κ
i
1] , (100)
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where κi3 ∈ H3 and κi1 ∈ H1. By substituting this and expressing the result in
terms of the structure constants and the Cartan metric η one finally has
δκSGS =
1
4
∫
d2σ Str
[
ij∂i(J3jδκx1 − J1jδκx3) + δκ(√ggij)ηabJa2iJb2j +
+ 4
√
g(P ij+ ηβˆβf
βˆ
αaf
β
bαˆJ
α
1jκ
kαˆ
3 − P ij− ηββˆfβaαˆf βˆbαJ αˆ3jκkα1 )Ja2iJb2k
]
,(101)
where we have defined the projectors P ij± =
1
2 (g
ij ± 1√g ij). Since δκ(
√
ggij)
must be symmetric and traceless and not Lie-algebra valued, we have to require
that
ηββˆf
β
αˆ(af
βˆ
b)α = cααˆηab (102)
for some matrix cααˆ. Then one obtains
δκ(
√
ggij) = 4
√
gcααˆ(P
ik
− J
αˆ
3kκ
jα
1 − P ik+ Jα1kkjαˆ3 ) ,
which is automatically symmetric in a and b if we require that
κi1 = P
ij
− κ1j , κ
i
3 = P
ij
+ κ3j
since P ik± P
jk
± = P
jk
± P
ik
± . It is also traceless because P
ji
− κ1j = P
ji
+ κ3j = 0.
The relation (102), required for κ-symmetry, is a condition on the structure
constants of the supergroup, listed in Appendix C, which can be easily checked
to hold. By making use of the Bianchi identity for the torsion and the expression
for the super B-field (74), one can translate this condition to a constraint on
the supergravity background (γ(a)αˆβ̂(γb))αγP
γβ̂ = cααˆηab. It is straightforward
to check that this holds in our supergravity background with cααˆ = ηααˆ.
3.2.2. Pure spinor
The worldsheet action in the pure spinor formulation of the superstring con-
sists of a matter and a ghost sector. The worldsheet metric is in the conformal
gauge and there are no reparameterization ghosts. The matter fields are written
in terms of the same left-invariant currents J = g−1dg that appear in the GS
action (98). We just need to rewrite the ghost variables in a way adapted to
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the supercoset construction. The Lie algebra-valued pure spinor fields and their
conjugate momenta are defined as
λ = λαTα , w = wαη
ααˆTαˆ , λˆ = λˆ
αˆTαˆ , wˆ = wˆαˆη
ααˆTα (103)
Just as for the matter variables, the spinor indices in the ghost sector are un-
hatted for the left moving quantities and hatted for right moving ones. Using
these conventions, the pure spinor Lorentz generators Nab = 12 (wγ
abλ) and
their hatted sibling take the form
N = −{w, λ} , N̂ = −{wˆ, λˆ} .
They generate the Lorentz transformations on the pure spinor variables that
correspond to multiplication by elements of H. N, N̂ ∈ H0 so they act as
Lorentz transformations on the tangent-space indices α and αˆ of the pure spinor
variables. The pure spinor constraints read
{λ, λ} = 0, {λˆ, λˆ} = 0 .
The sigma-model is invariant under the global transformation g → g0g,
g0 ∈ G. The sigma-model is also invariant under the gauge transformation (97)
and the analogous ones acting on the ghosts
δΛλ = [λ,Λ] , δΛw = [w,Λ] , (104)
δΛλˆ = [λˆ,Λ] , δΛwˆ = [wˆ,Λ] ,
where Λ ∈ H0. Moreover, it is invariant under the gauge transformation on the
antighosts (generated by the pure spinor constraint)
δw = [λ,Ω2], δwˆ = [λˆ, Ωˆ2] , (105)
where Ω2 = Ω
a
2Ta is an arbitrary function.
The BRST operator for the pure spinor sigma model on our supercoset is
QB = −
∮
dzStr (λJ3) +
∮
dz¯Str
(
λˆJ¯1
)
. (106)
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It acts on the supercoset element as a derivation
QB g = g(λ+ λˆ) ,
and on the Maurer-Cartan currents as
δBJj = δj+3,0 d(λ) + [Jj+3, λ] + δj+1,0 d(λˆ) + [Jj+1, λˆ], (107)
δBw = −J3, δBwˆ = −J¯1, (108)
δBN = [J3, λ], δBNˆ = [J¯1, λˆ] , (109)
where we defined δB = [QB , ·].
The coefficients of the various terms in the action are determined by requiring
that the action be BRST invariant (the details can be found in Appendix D.2).
The BRST-invariant sigma-model thus obtained is
S =
R2
2pi
∫
d2zStr
(1
2
J2J¯2 +
1
4
J1J¯3 +
3
4
J3J¯1 + w∇¯λ+ wˆ∇λˆ−NNˆ
)
, (110)
where the covariant derivatives are defined in (86).
It is worth explaining a subtlety related to the index contractions. The ghost
part of the action reads explicitely
Sgh = Sflat +
R2
2pi
∫
(NabJ¯
ab
0 +Na′b′ J¯
a′b′
0 + NˆabJ
ab
0 + Nˆa′b′J
a′b′
0 (111)
+NabNˆ
ab −Na′b′Nˆa′b′) .
Note the relative sign in the contraction of the pairs of indices [ab] and [a′b′] in
the last two terms as opposed to the other terms. The reason is the following.
The term StrNJ¯0 comes from the covariant derivative acting on the spinor λ
StrNJ¯0 = Strw[J¯0, λ] = wα[(Tab)
α
β Ω¯
ab − (Ta′b′)αβ Ω¯a
′b′ ]λβ ,
where Ω is the spin connection and its indices have been contracted using the
supermetric η[ab][cd]. The generator of the Lorentz group SO(1, 4) × SO(5) in
the adjoint representation is given by the structure constants, namely (Tab)
α
β =
+ 12 (γab)β
α and (Ta′b′)
α
β = − 12 (γa′b′)βα. The minus signs in the generators
cancels the minus sign in the supermetric. The last two terms in (111), on the
52
other hand, do not come from any covariant derivative, but are the coupling to
the curvature, which is given just by the supermetric, so a minus sign appears.
The equations of motion of the currents Ji are obtained by considering the
variation δg = gX under which δJ = ∂X + [J,X] and using the Z4 grading and
the Maurer-Cartan equations, so that we get
∇J¯3 = −[J1, J¯2]− [J2, J¯1] + [N, J¯3] + [Nˆ , J3] ,
∇¯J3 = [N, J¯3] + [Nˆ , J3] ,
∇J¯2 = −[J1, J¯1] + [N, J¯2] + [Nˆ , J2] , (112)
∇¯J2 = [J3, J¯3] + [N, J¯2] + [Nˆ , J2] ,
∇J¯1 = [N, J¯1] + [Nˆ , J1] ,
∇¯J1 = [J2, J¯3] + [J3, J¯2] + [N, J¯1] + [Nˆ , J1] ,
where ∇J = ∂J + [J0, J ] and ∇¯J = ∂¯J + [J¯0, J ] are the gauge covariant deriva-
tives. The equations of motion of the pure spinors and their Lorentz currents
are
∇¯λ = [Nˆ , λ] , ∇λˆ = [N, λˆ] ,
∇¯w = [Nˆ , w] , ∇wˆ = [N, wˆ] , (113)
∇¯N = −[N, Nˆ ] , ∇Nˆ = [N, Nˆ ] .
Let us briefly comment on the relation between the pure spinor action (110)
and the GS action (98). The latter, when written in conformal gauge, reads
SGS =
R2
2pi
∫
d2zStr
(1
2
J2J¯2 +
1
4
J1J¯3 − 1
4
J3J¯1
)
.
To this one has to add a term which breaks κ-symmetry and adds kinetic terms
for the target-space fermions and coupling to the RR-flux Pααˆ
Sκ =
R2
2pi
∫
d2z(dαJ¯
α
1 + d¯αˆJ
αˆ
3 + P
ααˆdαd¯αˆ) =
R2
2pi
∫
d2zStr
(
dJ¯1 − d¯J3 + dd¯
)
,
where, in curved backgrounds, the d’s are the conjugate variables to the super-
space coordinates θ’s. After integrating out d and d¯ we get the complete matter
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part
Smatter = SGS + Sκ =
R2
2pi
∫
d2zStr
(1
2
J2J¯2 +
1
4
J1J¯3 +
3
4
J3J¯1
)
. (114)
This sigma-model can be recognized as taking the same form as the sigma-
model for the compactification of type II superstring on AdS2×S2×CY3 in the
hybrid formalism. It is a general fact that the matter part of the hybrid and
the pure spinor formalism is the same. As usual this has to be supplemented
with kinetic terms for the pure spinors and their coupling to the background
(111), in order to obtain the full superstring sigma-model (110) with action
S = SGS + Sκ + Sghost.
3.2.3. Lower dimensions
There are many superstring theory backgrounds supported by RR flux that
are described by covariant sigma models on supercosets. Some of them are
critical ten dimensional backgrounds, for which there exists a weakly coupled
supergravity regime, while others are genuine non-critical string theories, for
which no supergravity regime exists, namely the spacetime curvature is of the
order of the string scale (required to cancel the worldsheet Weyl anomaly). In
the case in which the relevant supercoset admits a Z4 grading decomposition
(91), whose invariant locus is gauged, then we can use the formalism developed
in the previous section to write down their sigma model action.
The first example is the AdS/CFT correspondence between three-dimensional
N = 6 Chern-Simons theory with bi-fundamental matter and type IIA super-
string theory on AdS4×CP 3 with RR two- and four-form fluxes. The full type
IIA worldsheet action is not a supercoset. However, one can partial fix the
kappa-symmetry of the GS action and reduce it to a sector which is described
by the supercoset
AdS4 × CP 3 ⊕ 24 fermions : Osp(6|4)
SO(1, 3)× U(3) .
The following backgrounds are interpreted as the non-compact part of a ten-
dimensional type II background AdSp × Sp ×M5−p, where M5−p is a Ricci flat
manifold of complex dimension 5− p.
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1. AdS2 × S2 with RR two-form flux, realized as
AdS2 × S2 ⊕ 8 fermions : PSU(1, 1|2)
U(1)× U(1) .
2. AdS3 × S3 with RR three-form flux, realized as
AdS3 × S3 ⊕ 16 fermions : PSU(1, 1|2)
2
SO(1, 2)× SO(3) ,
The action for the matter part of these two sigma models is the same as the mat-
ter part of the action (110), where the currents take values in the corresponding
supercosets. For the ghost sector, one can add the relevant hybrid action, or
a lower dimensional pure spinor action. In the latter case, the full action is
formally the same as (110), including the ghost sector, where the currents and
the pure spinor variables take values in the appropriate supercoset.
The following backgrounds are interpreted as non-critical superstrings. The
AdS2n backgrounds with spacefilling RR-flux, realized as
AdS2 ⊕ 4 fermions : Osp(2|2)
SO(1, 1)× SO(2)
AdS4 ⊕ 8 fermions : Osp(2|4)
SO(1, 3)× SO(2)
AdS6 ⊕ 16 fermions : F (4)
SO(1, 5)× SL(2)
describe type II non-critical superstrings in 2n dimensions. These backgrounds
are not super Ricci flat, and a non-vanishing string scale curvature is needed
to cancel the Lioville central charge, which is non-zero when the target space
dimension is sub-critical.
Guide to the literature
An introduction to supergroups and super Lie-algebras can be found in the
comprehensive reviews [69, 70].
The Green-Schwarz action on the AdS5×S5 background was introduced by
Metsaev and Tseytlin in [9], where the supercoset nature of the background was
thoroughly exploited. The GS was found to be kappa-symmetric in [71]. The
issue of fixing the light-cone gauge in two-dimensional sigma models is discussed
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in general in [72] and in the particular case of AdS5×S5 in [73]. An exhaustive
treatment of the GS action in AdS and its semi-classical quantization in the
light-cone gauge can be found in the recent review [74], where its applications
to the AdS/CFT correspondence are analyzed in great details.
The complete pure spinor action in AdS5 × S5 was derived in [15, 75]. The
matter part of such action is the same for any supercoset that admits a Z4
grading and coincides with the one for the hybrid formalis, which appeared in
[76, 77], before the advent of the pure spinor formalism. The full GS action on
the AdS4×CP 3 background is given in [78] and its subsector, which is described
by a supercoset, can be found in [79, 80] for the GS action and in [81] for the
pure spinor action. Actions on lower dimensional supercoset backgrounds are
constructed in [82, 83]. An alternative formulation of GS on AdS2 can be found
in [84].
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4. Quantum effective action and conformal invariance
The pure spinor sigma model contains kinetic terms for both fermions and
bosons and it is in the conformal gauge on the worldsheet. It is suitable for
quantization, which we will now perform in order to evaluate the quantum
effective action at one-loop. The salient features of the sigma model that we
will extract from the effective action are the following:
1. Absence of divergent terms. This implies that the beta functions vanish
and the theory is conformally invariant at one-loop. This is no surprise
of course, since one-loop beta functions are as usual equivalent to the
background supergravity fields be on-shell.
2. All the finite terms in the effective action are local. This means that
they can be removed by adding local counter-terms. This fact has two
important consequences. First, gauge or BRST anomalies are absent,
that would arise as non-local terms that are not gauge invariant or BRST
invariant. Secondly, the AdS radius is not renormalized, as opposed to
what happens in bosonic WZW models.
In the first part of this Section, we use the background field method to
compute the one-loop 1PI effective action and prove these statements. The
background field expansion is useful to perform perturbative computations in
the sigma model, such as to compute the energy spectrum of string states.
In the rest of the Section, we derive some interesting results using this for-
malism. We show that the stress tensor has zero central charge at one-loop.
Then we compute the algebra of OPE of the worldsheet left-invariant currents
and find that it is not a chiral algebra, but left- and right-moving currents mix
in the OPE. Finally, we extend the proof of conformal invariance and absence
of BRST and gauge anomalies to all loops in the sigma model perturbation
theory. In Appendix D we derive several results pertaining this Section, that
we omitted from the main discussion to ease the reading.
57
4.1. Background field method
Let us review the computation of effective actions in the closed bosonic
and RNS string. We will set the notations and show why the bosonic string
renormalizes, while worldsheet supersymmetry protects the metric from α′ cor-
rections at one-loop in the RNS formalism. We will then apply the background
field method to the superstring sigma model in AdS.
4.1.1. Bosonic string
The bosonic string in a curved background is (we are assuming that Bmn =
0)
Sbos =
∫
d2z
[
∂xm∂¯xnG(x)mn
]
. (115)
In the covariant background field expansion we fix a classical solution of the
worldsheet equations of motion x0 and expand around it in quantum fluctuations
X,
Sbos = S0 +
∫
d2z
[
ηab∇Xa∇¯Xb + ...
]
, (116)
where ... are terms depending on the curvature, ∇Xa = ∂Xa + AabXb, Aab =
∂xm0 ω
ab
m and ω
ab
m is the spin connection. When one uses the normal coordinate
expansion within the background field method, local Lorentz invariance is used
to fix the spin connection to zero. In this case the resulting effective action
will not be manifestly invariant under this symmetry. We then have to check
whether the effective action is not anomalous under this symmetry.
The classical worldsheet action is conformally invariant. This classical sym-
metry might be broken at the quantum level, by a conformal anomaly arising
from the regularization of the divergent diagrams. To check that conformal
invariance persists in the quantum theory, we need to evaluate the effective
action and, in particular, its divergent part. The computation of the effective
action at one-loop order proceeds as follows. First we observe that, by simple
power counting arguments, the only UV divergent terms will be the ones with
two external background currents Aab or A¯ab. The propagators are 1/p2 while
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(a) (b)
Figure 1: Diagrams (a) and (b) correspond respectively to the first and second term in (117).
the insertion of a current carries at most one derivative, so the terms with two
external currents will be log divergent in the momentum cutoff. There are two
kind of terms that we need to compute, schematically
Seff =
∫
d2z〈Lint(z)〉 − 1
2
∫
d2z
∫
d2w〈Lint(z)Lint(w)〉 , (117)
where Lint denotes the interaction part of the lagrangian inside the square brack-
ets in (116), and 〈·〉 denotes functional integration over the fluctuating fields.
The first term 〈Lint(z)〉 corresponds to the normal ordering of the composite
operators in the lagrangian: it is just given by the one-loop self energy of the
fluctuations at the same point, in operators with two external currents inserted
at the same point (diagram (a) in Figure 1). The second term 〈Lint(z)Lint(w)〉
corresponds to the one-loop fish diagram generated by the contraction of the
operators with one external current (diagram (b) in Figure 1).
The effective action is
Seff =
1
2
∫
d2z d2w [
1
4
Aab(z)Aab(w)(
ln |z − w|2
(z¯ − w¯)2 +
1
(z¯ − w¯)2 )+ (118)
1
4
A¯ab(z)A¯ab(w)(
ln |z − w|2
(z − w)2 +
1
(z − w)2 )+
−1
2
Aab(z)A¯ab(w)(
1
|z − w|2 − δ(z−w) ln |z−w|
2)]− 1
2
∫
d2zAab(z)A¯ab(z) ln(0).
It is not clear upon inspection which terms above are finite or divergent. Also,
we have the usual complications due to infrared divergencies. To clarify the
interpretation, we will transform the above two point functions into loop inte-
grals in the momentum space. We perform the loop integral using dimensional
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regularization adding a small mass m to the Xa fields in order to regularize
IR divergencies. All the UV divergences cancel, and the dependence on the
dimensional regularization mass scale µ is an infrared effect, so we can identify
the mass regulator m with µ. In order to simplify the calculation, we build a
dictionary between the above two point functions and the corresponding result
of the integration over the momenta9
1
(z − w)2 ↔ −
p
p¯
,
1
(z¯ − w¯)2 ↔ −
p¯
p
,
ln |z − w|2
(z − w)2 ↔ −
p¯
p
(1 + 2 ln(
|p|2
µ2
)) ,
ln |z − w|2
(z¯ − w¯)2 ↔ −
p
p¯
(1 + 2 ln(
|p|2
µ2
)) , (119)
1
|z − w|2 ↔ 1 +
1

− 2 ln( |p|
2
µ2
) ,
− ln |z − w|2δ(z − w) ↔ 1 + 1

,
− ln(0) ↔ 1

.
In momentum space the effective action is
Seff =
1
2
∫
d2k[
1
2
Aab(−k)Aab(k) k¯
k
+
1
2
A¯ab(−k)A¯ab(k)k
k¯
− 1
2
Aab(−k)A¯ab(k)] .
(120)
As anticipated above, UV divergent terms, which would be proportional to 1/,
are absent. The one-loop beta function is proportional to such terms and, hence,
it vanishes. As explained in the footnote above, we ignored all IR divergent
terms proportional to ln( |k|
2
µ2 ). Even though UV divergent terms are absent,
there are finite renormalization terms, which depend on the pull back of the
spin connection Aab = dxm0 ω
ab
m . Due to the explicit dependence of these finite
9We can ignore terms like ln(
|p|2
µ2
). These terms are an infrared effect. They reflect the fact
that Xa is not a primary fields. It is expected that after summing up the entire perturbation
series these terms vanish [85].
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terms on Aab, they could in principle affect the gauge invariance of the effective
action. The first two terms in (120) are gauge invariant, but the last term is
not. Since this last term is local it can be removed, as usual, by adding a local
counter-term, that will restore gauge invariance. We conclude that there is no
anomaly in the gauge invariance. The local counter-term that restores gauge
invariance is just a redefinition of the target space metric
G(x0)mn → G˜(x0)mn = G(x0)mn + α′ 1
4
ωabmωnab,
and the new metric now has a gauge transformation
δG˜(x0)mn = α
′ 1
4
∂mΛabω
ab
n + α
′ 1
4
∂nΛabω
ab
m .
Note that the new one-loop counter-term explicitly contains a factor of α′. The
new gauge transformation of the metric compensates the gauge transformations
of the finite renormalization terms, restoring the gauge invariance of the full
effective action. The anomaly is trivial, this is the reason why we can fix the
connection to be zero when using normal coordinates. To compute higher α′
corrections in this scheme, e.g. to compute scattering amplitudes or beta func-
tions, we have to take into account this α′ correction to the classical action.
The conclusion is that once we choose a scheme of computation, in this case
without fixing the connections, we cannot ignore the finite local counter-terms
in the classical action, even when the anomaly is trivial.
4.1.2. RNS string
Let us see what happens in the RNS formalism. Its action in a curved
background is
SRNS =
∫
d2z
[
(∂xm∂¯xn +
1
2
ψm∂¯ψn +
1
2
ψ¯m∂ψ¯n+ (121)
1
2
ψmΓnqp(x)∂¯x
qψp +
1
2
ψ¯mΓnqp(x)∂x
qψ¯p)G(x)mn +
1
4
Rmnqpψ
mψnψ¯qψ¯p
]
.
Again, we fix a classical solution of the worldsheet equations of motion (x0, ψ0, ψ¯0)
and expand around it in the corresponding quantum fluctuations (X,Ψ, Ψ¯),
SRNS = S0 +
∫
d2z
[
ηab∇Xa∇¯Xb + ηab 1
2
Ψa∇¯Ψb + ηab 1
2
Ψ¯a∇Ψ¯b + ...
]
,
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where ... are terms depending on the curvature. We can compute the effective
action just as in (117): we evaluate diagrams with two background fields Aab,
by integrating over the quantum fluctuations. The effective action is just
1
2
∫
d2k[−Aab(−k)A¯ab(k)] ,
where again we ignored the IR divergent terms (such terms would be gauge
invariant anyway). Non-local terms cancel due to worldsheet supersymmetry.
There are no divergent terms either, i.e. the beta function vanishes. We have to
add a local counter-term to cancel the anomalous variation of this term. We see
that in the case of RNS superstring, even without gauge fixing the connection,
there are no finite counter-terms in the effective action.
In the case case of Type I or Heterotic string we would have the usual
local Lorentz anomaly that appears because we have only left moving fermions,
which can be canceled by a variation of the B field. In coset models, like the
superstring in AdS5×S5 space, it is useful to keep the connection unfixed since
this simplifies significantly the background field expansion.
4.1.3. AdS5 × S5 sigma model
The first step in the quantization is to expand the coset element in fluctua-
tions around a classical configuration. Let us pick an element g = g˜eX/R, where
g˜ represents a point in the coset and the X’s are the fluctuations around that
point. We will expand the sigma model around the point g˜: since the sigma
model coupling is the inverse of the AdS radius R, we are expanding locally
around flat space. The functional integration is performed over the fluctuating
fields. In this subsection we consider the matter part, which is the same for
the pure spinor as well as the hybrid formalism. In the next subsection we will
discuss the ghost part of the effective action.
Let us consider first the matter part of the action. By using a gauge transfor-
mation g → geh0 , with h ∈ H0, we can choose a gauge such that the fluctuations
do not depend on the grading zero part, i.e. X ∈ G\H0. The Maurer-Cartan
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form can be expanded around the classical configuration g˜
J = e−X/RJ˜eX/R + e−X/RdeX/R , (122)
where J˜ = g˜−1dg˜ is the background current, and its components can be isolated
according to their grading
J |i = J˜ |i + 1R
(
dX + [J˜ , X]
)
|i + 12R2
[
dX + [J˜ , X], X
]
|i +O(R−3) , (123)
where i = 0, . . . , 3 and we choose the gauge X0 = 0.
When we plug the expressions (123) into the matter part of the action (114)
we get a certain number of terms, that we expand in powers of the fluctuating
fields. The terms which do not depend on the fluctuations correspond just to
the classical action, written in terms of the background currents J˜i. The terms
linear in the fluctuations do not contribute to the effective action, so we are
only interested in the terms quadratic in the fluctuations. Upon performing
the functional integration, these terms will produce functional determinants
depending on the background currents, that we can express in an appropriate
form to represent the effective action.
The terms in the action which are quadratic in the fluctuations separate into
kinetic terms for the fluctuations and terms that depend on the background
currents. The kinetic terms are
Skin =
∫
d2zStr
(
1
2
∇X2∇¯X2 + 1
4
∇X1∇¯X3 + 3
4
∇X3∇¯X1
)
, (124)
where the covariant derivative ∇Xi = ∂Xi+[J0, Xi] depends on the background
gauge current. In the following, to avoid cluttering the equations we remove the
tilde from the background currents. We can read off the free field OPE’s of the
fluctuations from (124)
XAi (z)X
B
j (0) ∼ −ηBA log |z|2 , (125)
For convenience, we will collect the terms that depend on the background
currents into three parts. We will put in SI all the terms that contain either J2
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or J¯2 or both
SI =
∫
d2zStr
(
1
2J2[X1, ∇¯X1] + 12 J¯2[X3,∇X3] (126)
+ 14J2
[
[J¯2, X1], X3
]− 14J2 [[J¯2, X3], X1]) .
We will put into SII all the terms that depend on J1 or J¯3 or both
SII =
∫
d2zStr
(
1
8J1(3[X1, ∇¯X2] + 5[X2, ∇¯X1]) + 18 J¯3(3[X3,∇X2]
+5[X2,∇X3])− 12J1
[
[J¯3, X2], X2
]
(127)
+ 14J1
[
[J¯3, X1], X3
]− 14J1 [[J¯3, X3], X1]) .
Finally, we collect in SIII the terms that depend on J3 or J¯1 or both
SIII =
∫
d2zStr
(
1
8 J¯1([X1,∇X2]− [X2,∇X1]) + 18J3([X3, ∇¯X2]
−[X2, ∇¯X3]) + 12 J¯1 [[J3, X2], X2] (128)
+ 34 J¯1 [[J3, X1], X3] +
1
4 J¯1 [[J3, X3], X1]
)
.
4.2. Effective action and conformal invariance
Everything is in place now to compute the one-loop effective action. There
are two kinds of terms that we need to compute, looking back at (117). The
terms contributing to 〈L(z)〉 are the second lines in (126), (127) and (128). The
terms contributing to 〈L(z)L(w)〉 are the first lines in (126), (127) and (128).
In this section, we will compute the effective action, extract the divergent
terms and show that they vanish. This proves that the theory is conformally
invariant. In the next section we will discuss the leftover finite renormalization.
The philosophy of the computation is the following: once we have fixed the
coefficients of the operators in the action by classical BRST invariance, then the
matter part and the ghost part of the action will be separately conformal invari-
ant. For the matter part, the divergent contributions to the 1PI are proportional
to the classical action itself, times the second Casimir of the supergroup c2(G),
which vanishes for the PSU(2, 2|4) supergroup
S1PI|matter = [1− c2(G)
4pi
log(Λ/µ)]Scl|matter = Scl|matter . (129)
64
The ghost part of the action again has a 1PI action proportional to the second
Casimir as well, so it is not renormalized
S1PI|gh = Scl|gh − c2(G)
4pi
log(Λ/µ)
∫
d2zStr
(
NclNˆcl
)
= Scl|gh . (130)
Even though all the divergent contributions cancel, there will be finite terms
generated. We will discuss that at the end of this section.
Matter
Let us work this out explicitly for the part of the effective action generated
by (126). The structure constants fABC of the psu(2, 2|4) superalgebra can be
found in Appendix C.3. We will summarize at the end the contributions of the
other parts (127) and (128). Working out the supertrace in (126) we get the
lagrangian
LI = 12Ja2 J¯b2
(
Xc2X
d
2f
[ef ]
bc fa[ef ]d − 12Xα1 X αˆ3 (f β̂bαfaβ̂αˆ − fβbαˆfaβα)
)
(131)
+J2∂¯X
α
1 X
β
1 faαβ + J¯
b
2∂X
αˆ
3 X
β̂
3 faαˆβ̂ .
The self energy contribution is
〈LI〉 = 12Ja2 J¯b2
(
〈Xc2Xd2 〉f [ef ]bc fa[ef ]d − 12 〈Xα1 X αˆ3 〉(f β̂bαfaβ̂αˆ − fβbαˆfaβα)
)
= 12J
a
2 J¯
b
2 [− ln(0)]
(
f ca[ef ]f
[ef ]
bc − 12f β̂bαfαaβ̂ +
1
2f
αˆ
aβf
β
bαˆ
)
. (132)
The second line in (131) contributes by a fish diagram as
−1
2
〈LI(z)LI(w)〉 = −1
4
Ja2 (z)J¯
b
2(w)faαβfbαˆβ̂〈∂¯Xα1 Xβ1 (z)∂Xαˆ3 X β̂3 (w)〉
=
1
4
Ja2 (z)J¯
b
2(w)f
β̂
aαf
α
bβ̂
(
− 1|z − w|2 + δ
(2)(z − w) ln |z − w|2
)
. (133)
Collecting (132) and (133) and using (119) we find
Seff,I =
1
2
∫
d2zJa2 J¯
b
2 [− ln(0)]
(
f ca[ef ]f
[ef ]
bc −
1
2
f β̂bαf
α
aβ̂
+
1
2
f αˆaβf
β
bαˆ
)
+
1
4
∫
d2z
∫
d2wJa2 (z)J¯
b
2(w)f
β̂
aαf
α
bβ̂
(
− 1|z − w|2 + δ
(2)(z − w) ln |z − w|2
)
.(134)
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By using the map (119) from position to momentum space, we can read in
(134) the divergent contribution to the effective action that originates from the
terms in (131)
Sdiv,I = −c2(G)
4pi
ln(Λ/µ)
∫
d2z Str
1
2
J2J¯2 . (135)
We have introduced some group theory notations that we are going to ex-
plain now (for more details see Appendix B). Consider a supergroup G with
a subgroup H and use the following letter assignment to denote the generators:
{M,N, . . .} ∈ G, {A,B, . . .} ∈ G\H and {I, J, . . .} ∈ H. The super Ricci tensor
of the supergroup G is defined as
RMN (G) = −1
4
fPMQf
Q
NP (−)deg(P) =
c2(G)
4
ηMN , (136)
and it is proportional to the second casimir of the supergroup. In the presence
of the subgroup H, we can express it as
R(G)AB = −1
4
fDACf
C
BD(−)deg(D) −
1
2
f IACf
C
BI(−)deg(I) , (137)
In our particular case G/H = PSU(2, 2|4)/SO(1, 4)×SO(5), for the expression
(135) we find
Rab(G) =
1
4f
αˆ
aαf
α
bαˆ +
1
4f
α
aαˆf
αˆ
bα − 12f [ef ]ac f cb[ef ] = c2(G)4 ηab , (138)
and we obtain the effective action (135), using the fact that f
[ef ]
ac f cb[ef ] = f
c
a[ef ]f
[ef ]
bc .
It is proportional to the classical action and the coefficient is given by the second
Casimir of the supergroup PSU(2, 2|4).
Let us look at the other contributions to the effective action. The operators
in (127) give the following contribution to the one-loop effective action
Seff,II =
∫
d2z Jα1 J¯
αˆ
3 (z)[− ln(0)]
(
3
4f
β
αˆaf
a
αβ +
1
4f
[ef ]
αˆβ f
β
α[ef ]
)
(139)
+
∫
d2z
∫
d2w Jα1 (z)J¯
αˆ
3 (w)f
β
αˆaf
a
αβ
(
34
64
δ(2)(z − w) ln |z − w|2 − 30
64
1
|z − w|2
)
,
where we used the identity fβαˆaf
a
αβ = −faαˆβ̂f β̂αa. We extract the divergent con-
tribution
Sdiv,II = −c2(G)
4pi
ln(Λ/µ)
∫
d2z Str
1
4
J1J¯3 .
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The operators in (128) give the following contribution to the one-loop effec-
tive action
Seff,III =
∫
d2z J¯α1 J
αˆ
3 (z)[− ln(0)]
(
3
4f
a
αˆβ̂
f β̂αβ +
3
4f
[ef ]
αˆβ f
β
α[ef ]
)
(140)
+
∫
d2z
∫
d2w J¯α1 (z)J
αˆ
3 (w)
1
32
fβαˆaf
a
αβ
(
δ(2)(z − w) ln |z − w|2 + 1|z − w|2
)
,
from which we extract the divergent contribution
Sdiv,III = −c2(G)
4pi
ln(Λ/µ)
∫
d2z Str
3
4
J¯1J3 . (141)
Collecting all the divergent contributions to the matter part of the effective
action, we find that it is proportional to the classical action
Sdiv,matter = −c2(G)
4pi
ln(Λ/µ)Scl , (142)
where the coefficient is the second Casimir of the supergroup. Because of the
crucial fact that
c2 (PSU(2, 2|4)) = 0 , (143)
the divergent part of the effective action vanishes. The matter part of the action
is separately conformally invariant at one-loop.
Finally, the operators Str (JiJj) for any i, j and Str (JiJ¯j) for i + j 6= 0
are not generated at one-loop. Consider, for example, the term Str J1J1. The
possible one-loop contributions to this operator come from evaluating
−1
2
∫
d2z
∫
d2w〈Lint(z)Lint(w)〉 ,
where the relevant Lint is given by the first two terms in (127), proportional to
the background current J1. It is immediate to see that, while the propagator
〈X2(z)X2(w)〉 is non-zero, there is no propagator 〈X1(z)X1(w)〉. Hence, this
contribution vanishes. Most of such operators are not generated, due to the
same mechanism. For other operators, where all propagators are non-vanishing,
one finds a remarkable cancellation of diagrams thanks to the vanishing of the
quadratic Casimir.
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Ghosts
Let us consider the ghost part of the one-loop effective action. We expand the
left and right moving ghosts into upper case background fields and lower case
fluctuations
(w, λ)→ (W + w,L+ λ) , (wˆ, λˆ)→ (Wˆ + wˆ, Lˆ+ λˆ) . (144)
The ghost Lorentz currents are expanded as
N → N(0) + 1
R
N(1) +
1
R2
N(2), Nˆ → Nˆ(0) + 1
R
Nˆ(1) +
1
R2
Nˆ(2) , (145)
where (N(0), Nˆ(0)) denote the background currents while
N(1) = −{W,λ} − {w,L} , N(2) = −{w, λ} , (146)
Nˆ(1) = −{Wˆ , λˆ} − {wˆ, Lˆ} , N(2) = −{wˆ, λˆ} .
We expand the classical ghost action (111) according to (146) and collect the
terms quadratic in the fluctuations
S = 12
∫
d2z Str
{
N(0)
(
[∇¯X3, X1] + [∇¯X2, X2] + [∇¯X1, X3]
)
+Nˆ(0) ([∇X3, X1] + [∇X2, X2] + [∇X1, X3]) (147)
−N(1)Nˆ(1) +N(2)(J¯0 − Nˆ(0)) + (J0 −N(0))Nˆ(2)
}
.
In addition to (147) there are several other terms, that do not contribute to the
effective action. We list them in Appendix D.4.
The terms with the partial derivatives in the first two lines in (147) give rise
to divergent terms in the effective action through a fish diagram
1
4
∫
d2z
∫
d2wN
[ef ]
(0) Nˆ
[lm]
(0)
(
2fβ[ef ]αf
α
[lm]β − f c[ef ]bf b[lm]c
)
× (148)
×
(
δ(2)(z − w) ln |z − w|2 − 1|z − w|2
)
.
The combination of structure constants in (148) amounts to
2fβ[ef ]αf
α
[lm]β − f c[ef ]bf b[lm]c = 4R[ef ][lm](G)− 4R[ef ][lm](H) (149)
= (c2(G)− c2(H))η[ef ][lm] ,
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and (148) can be recast in the form
(c2(G)− c2(H))
4
∫
d2z
∫
d2w StrN(0)Nˆ(0)
(
δ(2)(z − w) ln |z − w|2 − 1|z − w|2
)
,
(150)
and we recall that H = SO(1, 4) × SO(5) and c2(H) = 3. The terms in the
last line in (147) contribute to the effective action through a fish diagram. To
evaluate it, we need the OPE’s between the fluctuations of the ghosts. At
one-loop order, we can use the free field OPE’s for the fluctuations of the ghost
λβ(z)wα(w) =
δβα
z − w , λˆ
β̂(z)wˆαˆ(w) = − δ
β̂
αˆ
z¯ − w¯ , (151)
since the pure spinor nature of the ghosts is relevant only at the next order of
perturbation theory. To see this, recall the OPE’s between the ghost Lorentz
currents
N [ef ](z)N [pq](w) =
ηe[pNf ]q(w)− ηf [pNq]e(w)
z − w + 3
η[ef ][pq](w)
(z − w)2 , (152)
Nˆ [ef ](z)Nˆ [pq](w) =
ηe[pNˆf ]q(w)− ηf [pNˆq]e(w)
z¯ − w¯ + 3
η[ef ][pq](w)
(z¯ − w¯)2 ,
The first term on the right hand side of (152) is obtained by applying the naive
OPE’s (151), and the pure spinor nature of the curved beta-gamma system only
affects the second terms in (152). On the other hand, the divergent part of the
effective action that we will compute below gets contribution only from the first
term, so we can safely use the free field OPE’s for the ghosts for computations
at one-loop order. The fish diagram contribution to the effective action coming
from the last line in (147) is given by∫
d2z
∫
d2w
1
|z − w|2
(
WαWˆγ̂(z)L
ρLˆρˆ(w)f γ̂
[ef ]δˆ
f δˆ[pq]ρˆ (153)
−WαLˆρˆ(z)Wˆγ̂Lρ(w)f δˆ[ef ]ρˆf γ̂[pq]δˆ
)
fα[lm]βf
β
[rs]ρη
[ef ][lm]η[pq][rs] .
We can simplify the expression involving the structure constants by using the
identities
f γ̂
[ef ]δˆ
f δˆ[pq]ρˆ − f γ̂[pq]δˆf
δˆ
[ef ]ρˆ = f
[uv]
[ef ][pq]f
γ̂
[uv]ρˆ , (154)
fγ[ef ]δf
δ
[pq]ρ − fγ[pq]δfδ[ef ]ρ = f [uv][ef ][pq]fγ[uv]ρ ,
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and by recalling the definition of the Ricci tensor (136)
R[gh][rs](H) = −1
4
f
[lm]
[gh][ij]f
[ij]
[rs][lm] =
c2(H)
4
η[gh][rs] , (155)
we can further simplify (153) and extract its divergent part in the form
− c2(H)
4pi
ln(Λ/µ)
∫
d2zStr
{
N(0)Nˆ(0)
}
. (156)
We collect the two contribution to the effective action (150) and (156) coming
from (147) and we find the divergent contribution
Sdiv,gh = −c2(G)
4pi
ln(Λ/µ)
∫
d2zStrN(0)Nˆ(0) . (157)
Once again, (157) vanishes due to the fact that c2(G) = 0.
There are a few more terms that might give contributions to the divergent
part of the effective action in the ghost sector. Those are the terms that generate
the operators StrN(0)J¯0, Str Nˆ(0)J0, and Str J0J¯0, which would break gauge
invariance. We need to check that these terms are absent.
The term StrN(0)J¯0 is generated by two different diagrams. The first is the
self-energy diagrams involving the terms proportional to J¯0 in the first line of
(147). The second contribution to the term StrN(0)J¯0 involves a fish diagram
with the contraction of terms with partial derivatives in the first line of (147)
together with the covariant derivatives, proportional to one power of J¯0, in the
kinetic terms for the fluctuations in (124). Collecting the two contributions we
find
Seff,V = − c2(G)−c2(H)2
{∫
d2z[− ln(0)]StrN(0)J¯0 (158)
+
1
2
∫
d2z
∫
d2w
(
1
|z − w|2 − δ
(2)(z − w) ln |z − w|2
)
StrN(0)(z)J¯0(w)
}
.
By summing up the two terms we see that the divergent terms exactly cancel.
The same story applies to the effective action for Str Nˆ(0)J0.
Finally, we need to check the terms proportional to Str J0J¯0. Those are
generated by the self-energy diagrams and the fish diagrams coming from the
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terms with J0 and J¯0 in the covariant derivatives in the kinetic terms (124),
that sum up to give
Seff,V I =
∫
d2z[− ln(0)]J [ef ]0 J¯ [pq]0
(
− 12f c[ef ]afa[pq]c + fβ[ef ]αfα[pq]β
)
(159)
+
∫
d2z
∫
d2wJ
[ef ]
0 (z)J¯
[pq]
0 (w)
[1
4
f b[ef ]af
a
[pq]b
(
1
|z − w|2 − δ
(2)(z − w) ln |z − w|2
)
+fβ[ef ]αf
α
[pq]β
(
5
8
δ(2)(z − w) ln |z − w|2 − 3
8
1
|z − w|2
)]
,
where we used the identity f β̂[ef ]αˆf
αˆ
[pq]β̂
= fβ[ef ]αf
α
[pq]β . It is immediate to check
that the divergent part of (159) is identically zero.
4.2.1. Non-renormalization of the radius
We have compute the quantum effective action and checked that all divergent
terms vanish. However, there are leftover finite terms. We will first compute
them and then discuss their significance. Collecting them from (134), (139),
(140), (150), (153), (158), (159) we obtain the total one-loop effective action
Seff =
∫
d2z Str
(
a1J2J¯2 + a2J1J¯3 + a3J3J¯1 (160)
+ 12c2(H)(J0J¯0 −NJ¯0 − NˆJ0)
)
.
where a1 = 8, a2 = −10, a3 = 5/4, and c2(H) = 3 is the quadratic Casimir of
the group H = SO(1, 4) × SO(5). We did not include the IR singular terms
proportional to ln |p|2/µ2, which can be removed once the full perturbative series
is included [85]. The expression (160) is local, hence it can be removed by adding
a local counter-term
Sc.t. = −Seff , (161)
to the action.
Because there are no non-local finite terms, we proved that there are no
gauge nor BRST anomalies at one-loop. But there is a further result we can
infer from this fact.
In bosonic WZW models, describing the string propagation on the coset
G/H, the level of the current algebra gets shifted at one-loop from k to k +
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1
2c2(G), where c2(G) is the quadratic Casimir of the group G. In the sigma
model interpretation of WZW theory, the level is related to the radius of the
target space manifold, which is the inverse of the sigma model coupling constant.
Therefore, the classical relation R2/α′ = k gets modified at one-loop to R2/α′ =
k + 12cG and in the full quantum theory there is a minimal value for the radius
of the manifold, set by the quadratic Casimir of the group. The situation is
different for gauged WZW models with worldsheet supersymmetry. In that case,
the fermionic and bosonic determinants cancel out and the relation between the
radius and the level is not renormalized. These sigma models describe bosonic
or RNS string theory on backgrounds supported by NS-NS flux. What happens
with Ramond-Ramond flux?
In the case of AdS5×S5, we have a sigma model on a supercoset. The AdS
radius is again equal to the inverse of the sigma model coupling constant and is
related to the ’t Hooft coupling λt of the dual N = 4 super Yang-Mills theory
through the dictionary
R2/α′ = f(λt) , f(λt) ∼λt→∞
√
λt + a+O(1/
√
λt) ,
The leading term in the large ’t Hooft coupling expansion corresponds to the
usual AdS/CFT dictionary, but in principle subleading terms are allowed and
a would arise at one-loop in the sigma model perturbation theory. This would
be the analogue of the finite shift by 12c2(G) in the level of the current algebra
in bosonic WZW models.
To study the renormalization of the radius, we need to consider the sigma
model quantum effective action
Seff = Sdiv + Sfinite .
We have shown that the divergent part of the effective action vanishes, which
implies that the sigma model is conformally invariant and the radius does not
run. However, one still needs to evaluate the finite part of the effective action,
which may consist of local as well as non-local terms. The local terms can be
reabsorbed by local counter-terms and play no role. On the other hand, the
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presence of finite non-local contributions to the effective action would not be
removed and generate a non-zero shift a. But we have just concluded that all
non-local contributions vanish. Hence, we have proven that there is no departure
from the classical AdS/CFT dictionary at one-loop
a = 0 .
4.2.2. Central charge
We can use the background field method to compute the one-loop correction
to the central charge of the supercoset sigma model. Consider the left and right
moving components of the stress tensor
T = −Str ( 12J2J2 + J1J3 + w∇λ) , (162)
T¯ = −Str
(
1
2 J¯2J¯2 + J¯1J¯3 + wˆ∇¯λˆ
)
. (163)
We want to compute the one-loop correction to the central charge. It corre-
sponds to the quartic pole in the OPE
〈T (z)T (0)〉 = c/2
z4
+ . . . ,
where 〈·〉 denotes functional integration. We expand T according to (123) and
we compute the contractions of the fluctuations. The terms coming from the
action do not contribute to the central charge. We will find a leading tree
level contribution, proportional to 1/R4, where R is the radius. The one-loop
correction is proportional to 1/R6. To compute terms of order 1/R8 we need
to expand (123) up to O(R−3), so they will be neglected and we will stop at
one-loop. We find
〈1
2
StrJ2J2(z)
1
2
StrJ2J2(0)〉 = 1
R4
1
z4
(
10
2
− 1
2R2
[1 + ln |z − w|2]ηlmf δˆlαfαmδˆ
)
,
(164)
where ηlmf δˆlαf
α
mδˆ
= 14Trγ
aγa = 40. The first term arises from the double
contraction at tree level, while the second comes from the triple contraction at
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one-loop. The second contribution is
〈StrJ1J3(z)StrJ1J3(0)〉 = 1
R4
1
z4
(
32
2
− 1
2R2
[1 + ln |z − w|2]ηlmf δˆlαfαmδˆ
)
.
(165)
The mixed term is
〈StrJ2J2(z)StrJ1J3(0)〉 = 1
R6
1
z4
[1 + ln |z − w|2]ηlmf δˆlαfαmδˆ . (166)
By summing up (164), (165) and (166) we get the total contribution of the
matter part. The one-loop correction cancels out exactly, leaving only the tree
level part, which is the same as in flat space
〈Tmatter(z)Tmatter(0)〉 = − 1
R4
22
z4
. (167)
Let us look at the ghost part. The tree level contribution involves a trace
on the ghost spinor indices and is equal to the analogous flat space contraction.
In the gauge X0 = 0 the ghost sector does not give any one-loop correction and
it starts contributing only at two loops (the leading term in w[J0, λ] with no
external fields is O(R−4)), so we find
〈Tgh(z)Tgh(0)〉 = 1
R4
22
z4
, (168)
and by adding (168) and (167) we proved that the total central charge vanishes
at one-loop:
c = 0 . (169)
Since the effective action does not receive any finite corrections at one-loop,
there is no correction to the stress tensor either.
4.3. OPE algebra
Let us consider the algebra of the Operator Product Expansion of the left
invariant currents in the pure spinor sigma model. In the case of bosonic sigma
models on a group manifold, for instance WZW models, the OPE’s of the cur-
rents realize a Kac-Moody algebra, where the structure constants take values in
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the Lie algebra of the group. Such sigma models are parity invariant, hence the
Kac-Moody algebra comes in two copies: holomorphic and anti-holomorphic.
In the AdS5×S5 sigma model, the RR flux couples left and right movers, so
the OPE’s of the left invariant currents form a non-chiral algebra, that we will
now compute at the tree-level. Note that logarithms are present in the OPE’s.
The tree level OPE’s are proportional to one structure constant and the
sigma model coupling constant R−2. Only the (1/R) term in (123) contributes,
together with the first lines in (126), (127) and (128) and the first two lines in
(147). Schematically, the OPE’s are given by
R2〈JA(z)JB(0)〉 = 〈∂XA(z)(∂XB(0) + [J,X]B(0))〉+ 〈[J,X]A(z)∂XB(0)〉 ,
On the left hand side we put the full sigma model current, while in the right hand
side we expanded it using the background field method (123) and we keep only
the leading term. Note that, for ease of notations, we dropped the tilde’s from
the currents in the r.h.s., even if they are understood as background currents.
Since these expressions are evaluated inside a correlator, the terms on the r.h.s.
pick up a contribution from the couplings in the action, namely
〈∂XA(z)∂XB(0)〉 = ∂XA(z)∂XB(0)− ∂XA(z)∂XB(0) · S , (170)
where S = SI + SII + SIII are the terms in the classical action, expanded at
quadratic order in the quantum fluctuations and given in (126), (127), (128)
and (147). We compute the r.h.s. of (170) with the propagators in (125), some
details are collected in Appendix D.5.
We find10
Ja2 (z)J
b
2(0)→ −η
ab
z2 −
fab[ef]
z [N
[ef ] − z¯z Nˆ [ef ]] , (171)
Ja2 (z)J¯
b
2(0)→ 2piδ(2)(z)ηab − fab[ef ][
N [ef ]
z¯
+
Nˆ [ef ]
z
+
1
2
ln |z|2(∂Nˆ [ef ] − ∂¯N [ef ])] ,
Ja2 (z)J
α
1 (0)→ −
faααˆ
z
(
2J αˆ3 +
z¯
z
J¯ αˆ3
)
,
10We omit the overall factor R−2 in the r.h.s.
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Ja2 (z)J¯
α
1 (0)→ −faααˆ
(
J αˆ3
z¯
+
1
8
ln |z|2(∂J¯ αˆ3 + ∂¯J αˆ3 )
)
,
Ja2 (z)J
αˆ
3 (0)→ −
faαˆα
z
Jα1 ,
Ja2 (z)J¯
αˆ
3 (0)→ −faαˆα
(
J¯α1
z
+
1
4
ln |z|2(∂¯Jα1 + ∂J¯α1 )
)
,
Jα1 (z)J
β
1 (0)→ −
fαβa
z
(
2Ja2 +
z¯
z
J¯a2
)
,
Jα1 (z)J¯
β
1 (0)→ −fαβa
(
Ja2
z¯
− 1
4
ln |z|2(∂J¯a2 + ∂¯Ja2
)
,
Jα1 (z)J
αˆ
3 (0)→
ηααˆ
z2
−
fααˆ[ef ]
z
(
N [ef ] − z¯
z
Nˆ [ef ]
)
,
Jα1 (z)J¯
αˆ
3 (0)→ −2piδ(2)(z)ηααˆ−fααˆ[ef ]
(
N [ef ]
z¯
+
Nˆ [ef ]
z
− 1
2
ln |z|2(∂¯Nˆ [ef ] − ∂Nˆ [ef ])
)
,
J¯α1 (z)J
β̂
3 (0)→ −2piδ(2)(z)ηααˆ−fααˆ[ef ]
(
N [ef ]
z¯
+
Nˆ [ef ]
z
+
1
2
ln |z|2(∂Nˆ [ef ] − ∂¯N [ef ])
)
,
J αˆ3 (z)J
β̂
3 (0)→ f αˆβ̂a
Ja2
z
,
J αˆ3 (z)J¯
β̂
3 (0)→ −f αˆβ̂a
(
J¯a2
z
+
1
4
ln |z|2(∂J¯a2 + ∂¯Ja2
)
,
while all the OPE’s with J0 and (N, Nˆ) vanish at tree level. On the right hand
sides, we omitted terms proportional to the product of two currents, whose
singularity is logarithmic. By use of the Maurer-Cartan identities, that are
Ward identities for the supergroup symmetry, these terms can be reshuffled
with the terms proportional to the derivative of the currents, that we have
included. We refer to the literature for a more detailed discussion of this point.
We do not need to compute all the OPE’s, since the pure spinor sigma
model exhibits a symmetry under the simultaneous exchange of z ↔ z¯ and
grading one with grading three. The remaining OPE’s may be obtained from
(171) by applying this symmetry.
Using the background field method we can push the computation at any
order in the perturbative expansion. For example, we can compute the one-
loop corrections to the tree level OPE algebra. This can be used to study the
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worldsheet anomalous dimensions γws of the left-invariant currents Ji, which are
given by the loop corrections to the double pole in their OPE with the stress
tensor
T (z)Ji(0)→ 1 + γws
z2
Ji(0) + . . . ,
where we omitted the single pole terms in the OPE. One finds that at one loop
the anomalous dimensions of J2 and J0 vanishes, but the fermionic currents
have
γws(J1) = − 1R2 516 , (172)
γws(J3) = +
1
R2
5
16 .
Since the anomalous dimensions of J1 and J3 have opposite sign and only their
product appears in the stress tensor, we just proved that the stress tensor does
not receive any anomalous dimension at one-loop and thus it is still conserved.
4.4. All-loop quantum consistency
It turns out that the pure spinor sigma model is gauge invariant and BRST
invariant to all orders in the sigma-model perturbation theory. Let us extend
the one-loop results discussed above to all-loops.
4.4.1. Gauge invariance
The pure spinor action (110) is classically gauge invariant under the right
multiplication g → gh, where h ∈ H. We will prove that we can always add a
local counterterm such that the quantum effective action remains gauge invari-
ant at the quantum level. Quantum gauge invariance will then be used to prove
BRST invariance.
An anomaly in the H gauge invariance would show up as a nonvanishing
gauge variation of the effective action δΛSeff in the form of a local operator.
Since there is no anomaly in the global H invariance, the variation must vanish
when the gauge parameter is constant and, moreover, it must have grading zero.
Looking at the list of our worldsheet operators, we find that the most general
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form of the variation is
δSeff =
∫
d2z〈c1N∂¯Λ + c¯1Nˆ∂Λ + 2c2J0∂¯Λ + 2c¯2J¯0∂Λ〉, (173)
where Λ = T[ab]Λ
[ab](z, z¯) is the local gauge parameter and (c1, c¯1, c2, c¯2) are
arbitrary coefficients. By adding the counterterm
Sc = −
∫
d2z〈c1NJ¯0 + c¯1NˆJ0 + (c2 + c¯2)J0J¯0〉,
we find that the total variation becomes
δΛ(Seff + Sc) = (c2 − c¯2)
∫
d2z〈J0∂¯Λ− J¯0∂Λ〉.
On the other hand, the consistency condition on the gauge anomaly requires
that
(δΛδΛ′ − δΛ′δΛ)Seff = δ[Λ,Λ′]Seff ,
which fixes the coefficients c2 = c¯2. Therefore the action is gauge invariant
quantum mechanically.
4.4.2. BRST invariance
In order to prove the BRST invariance of the superstring at all orders in
perturbation theory we will first show that the classical BRST charge is nilpo-
tent. We will then prove that the effective action can be made classically BRST
invariant by adding a local counterterm, using triviality of a classical cohomol-
ogy class. Then we will prove that order by order in perturbation theory no
anomaly in the BRST invariance can appear.
As we have shown in the previous section, the action (110) in the pure spinor
formalism is classically BRST invariant. It is easy to prove that the pure spinor
BRST charge is classically nilpotent on the pure spinor constraint, up to gauge
invariance and the ghost equations of motion. The second variation of the ghost
currents reads indeed
Q2(N) = −[N,Λ]− {λ,∇λˆ− [N, λˆ]},
Q2(Nˆ) = −[Nˆ ,Λ]− {λˆ, ∇¯λ− [Nˆ , λ]},
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for the particular gauge transformation parameterized by Λ = {λ, λˆ} and the
equations of motion (113). Therefore the classical BRST charge is well defined.
Consider now the quantum effective action Seff . After the addition of a
suitable counterterm, it is gauge invariant to all orders. Moreover, the classical
BRST transformations of (107) commute with the gauge transformations, since
the BRST charge is gauge invariant. Therefore, the anomaly in the variation
of the effective action, which is a local operator, must be a gauge invariant
integrated vertex operator of ghost number one
δBRSTSeff =
∫
d2z〈Ω(1)zz¯ 〉.
In Appendix D.3 we show that the cohomology of such operators is empty,
namely that we can add a local counterterm to cancel the BRST variation of the
action. A crucial step in the proof is that the symmetric bispinor, constructed
with the product of two pure spinors, is proportional to the middle dimensional
form. Schematically, this means that in d = 2n dimensions we can decompose
λαλβ ∼ γαβm1...mn(λγm1...mnλ).
Since there are no conserved currents of ghost number two in the cohomology,
that could deform Q2, the quantum modifications to the BRST charge can be
chosen such that its nilpotence is preserved. In this case, we can use algebraic
methods to extend the BRST invariance of the effective action by induction to
all orders in perturbation theory. Suppose the effective action is invariant to
order hn−1. This means that
Q˜Seff = h
n
∫
d2z〈Ω(1)zz¯ 〉+O(hn+1).
The quantum modified BRST operator Q˜ = Q+Qq is still nilpotent up to the
equations of motion and the gauge invariance. This implies thatQ
∫
d2z〈Ω(1)zz¯ 〉 =
0. But the cohomology of ghost number one integrated vertex operators is
empty, so Ω
(1)
zz¯ = QΣ
(0)
zz¯ , which implies
Q˜
(
Seff − hn
∫
d2z〈Σ(0)zz¯ 〉
)
= O(hn+1).
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Therefore, order by order in perturbation theory it is possible to add a coun-
terterm that restores BRST invariance.
4.4.3. Conformal invariance
In Section 4.2 we gave an explicit diagrammatic proof of the one-loop con-
formal invariance of the pure spinor sigma model in AdS5 × S5. This result
is of course expected on general grounds, since in a generic curved background
classical BRST invariance implies one-loop conformal invariance. But we can
actually do much better and prove conformal invariance at all orders in pertur-
bation theory.
Let us extend the PSU(2, 2|4) supergroup to U(2, 2|4) by adding the hyper-
charge Y and the central extension I, as discussed in (89). The new generators
have grading two and act on the PSU(2, 2|4) ones as
[Y,T1] = T3 , [Y,T3] = T1 (174)
{T1,T1} = {T3,T3} = T2 + I .
We may parameterize the element of the U(2, 2|4)/SO(1, 4)× SO(5) coset as
h = euI+vYg(x, θ, θˆ) , (175)
where g(x, θ, θˆ) is the element of the original PSU(2, 2|4)/SO(1, 4) × SO(5)
coset. The new Maurer-Cartan currents read
h−1dh = KI +KY +K0 +K1 +K2 +K3 , (176)
where
KI =
(
du+ [g−1(dvY)g]I + [g−1dg]I
)
I ,
KY = dvY ,
K0 +K1 +K2 +K3 =
(
[g−1(dvL)g]A + [g−1dg]A
)
TA .
In particular, note that u only appears as a free boson, since I commutes with
all the generators, and v only appears linearly, because the hypercharge Y never
appears on the r.h.s. of the commutation relations (174).
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Under the new BRST transformation Q′(h) = h(λ + λˆ), the currents
transform as
Q′(KI) = [K3, λˆ] + [K1, λ] , Q′(KY ) = 0 , (177)
Q′(Kj) = δj+3,0(∂λ+ [KY , λˆ]) + [Kj+3, λ]
+δj+1,0(∂λˆ+ [KY , λ]) + [Kj+1, λˆ] .
Let us consider the action for the extended supercoset U(2, 2|4)/SO(1, 4)×
SO(5). Since Str I2 = Str Y2 = 0 and the only non-zero supertrace involving
the extra generators is Str IY 6= 0, we find the action
S ′ = S ′0 +
∫
d2z
(
∂u∂¯v + ∂¯u∂v + jz(x, θ, θˆ)∂¯v + jz¯(x, θ θˆ)∂v + f(x, θ, θˆ)∂v∂¯v
)
,
(178)
where S ′0 is the original pure spinor action (110) with the original currents
J ’s replaced by the new K’s. By using the Maurer-Cartan equations for the
currents K one can check that the action (178) is invariant under the BRST
transformations (177). One can go through the proof of quantum gauge and
BRST invariance of the previous sections and repeat them for the action (178).
In particular, one can add a local counterterm to remove the BRST variation
of the quantum effective action S ′eff .
By inverting the kinetic terms in the action (178), we find a propagator for
〈uu〉 and 〈uv〉 but no propagator for 〈vv〉. Moreover, we see that only v couples
to the original PSU(2, 2|4) variables. Therefore, we readily conclude that in
the perturbative expansion of the theory (178), all the diagrams with external
PSU(2, 2|4) lines are exactly the same as the corresponding diagrams computed
in the original theory with action S0. If the effective action S
′
eff computed from
(178) is conformally invariant, then it follows that the effective action for the
original PSU(2, 2|4) supercoset is also conformally invariant.
We are now going to prove that S ′eff is conformally invariant. In order to do
this, we will at first assume that quantum conformal transformations commute
with the quantum BRST transformation
[δc, Q
′] = 0 , (179)
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and we postpone the proof of this statement to the end of this section. From
(179) it follows that Q′(δcS ′eff ) = 0 and so δcS
′
eff is a BRST invariant and
local expression. But there is only one local and BRST invariant object of ghost
number zero and weight two and that is precisely the classical action S ′. This
fact is proven in Appendix D.3 for the original PSU(2, 2|4) invariant action,
and the same argument holds for the present action. Hence
δcS
′
eff = aS
′ , (180)
where a is a numerical coefficient.
Now S ′ contains the term
∫
∂u∂¯v, but this term cannot get any correction
because there is no interaction that contains u, so this term cannot appear in
the 1PI effective action. We deduce that the coefficient a in (180) must be zero
and so the effective action is conformally invariant
δcS
′
eff = 0 . (181)
Let us finally prove (179) by cohomology arguments. We denote the quantum
BRST charge by Q˜ = Qcl+~Qq, where the last term is the possible (n−1)-loop
correction to the classical charge and ~ is our loop counting parameter. We
further denote by δc the quantum conformal transformation at (n − 1)-loops.
Suppose now that (179) does not hold, namely that [Q˜,δc] = ~nδ′ + O(~n+1),
where δ′ is a local transformation of ghost number one. Since {Q˜, δ′} = 0 we
have in particular {Qcl, δ′} = 0. It turns out that there is no such local charge
at ghost number one in the cohomology, which we prove in Appendix C. We
conclude that δ′ must be BRST trivial, namely δ′ = −[Qcl, δq], for some ghost
number zero charge δq. The charge δc + ~nδq now commutes with the BRST
charge
[Q˜, δc + ~nδq] = ~nδ′ − ~nδ′ +O(~n+1), (182)
so we conclude that conformal transformations commute with the BRST charge
at the quantum level.
Guide to the literature
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A textbook introduction to the background field method as a means to study
two-dimensional non-linear sigma models can be found in Polyakov’s book [86].
The method we use to evaluate the one-loop effective action was introduced in
[85] and further discussed in [87, 88, 89], where the map between the position
space and momentum space integrands is explained.
The divergent part of the one-loop effective action for string sigma models on
supercosets with RR flux was computed for the matter part in [76] and for the
full pure spinor superstring in [19]. The finite part of the effective action and the
non-renormalization of the radius was computed in [20], where the vanishing of
the central charge at one-loop was also proven. The reader may find a discussion
of the finite shift in the radius of WZW models in [90], where in the bosonic
case the radius gets shifted, and in [91], where in the supersymmetric RNS case
the radius is not shited. The authors of [92] argue that the classical relation
between the radius and the ’t Hooft coupling is exact in the planar limit, based
on completely different considerations of S-duality of the type IIB superstring
and of the dual N = 4 super Yang-Mills theory.
The algebra of OPE for the pure spinor superstring was derived at the tree
level in [93, 94, 95]. The one-loop corrected OPE algebra can be found in [96].
The quantum consistency of the pure spinor sigma model in AdS at all-loops
was proven in [21].
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5. String spectrum
In this section, we will compute the perturbative spectrum of superstrings
propagating in AdS5×S5, with its application to the AdS/CFT correspondence
in mind. We set the sigma model coupling equal to the inverse of theN = 4 SYM
’t Hooft coupling R2/α′ =
√
λt, which is more convenient for the AdS/CFT
analysis.
We will give different examples of physical string states. We start with a
short review of some aspects of the AdS/CFT correspondence, related to the
spectrum of anomalous dimensions of local gauge invariant operators on the
gauge theory. We first discuss the massless vertex operators, corresponding to
type IIB supergravity compactified on the five-sphere and dual to the half BPS
sector of N = 4 SYM theory. As an example of a massive string state, we derive
the energy of a vertex operator at the first massive string level, that is dual to
a member of the Konishi multiplet, a long super-multiplet of N = 4 SYM.
Since this operator is not protected, its anomalous dimension is non-vanishing.
We compute the one-loop corrections to the Virasoro constraint, whose solution
determines the energy, which in turn gives the anomalous dimension. The result
confirms its earlier conjectured value, obtained using integrability and the Y-
system. Finally, we briefly discuss the n-point correlation functions of gauge
invariant local operators in N = 4 SYM, dual to the n-point function of vertex
operators on the string worldsheet. We construct the zero mode measure for
the worldsheet variables and show that there is a well-defined higher genus
amplitude prescription, which computes 1/Nc corrections to the planar limit
of the AdS/CFT system. In the course of the discussion we introduce the b
antighost in the AdS, whose construction is significantly easier than its flat
space cousin, due to the RR flux present in the AdS background.
5.1. AdS/CFT correspondence
Let us recall some general facts about the AdS/CFT correspondence. Con-
sider maximally supersymmetric Yang-Mills theory in four dimensions (N = 4
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SYM). We will restrict for the moment to the planar sector of the theory, in
which the number of colors Nc → ∞ at fixed ’t Hooft coupling λt. N = 4
SYM is a conformal field theory with global symmetry group PSU(2, 2|4), in
particular its global symmetry contains the dilatation operator D. The observ-
ables we will focus on in this Section are the anomalous dimensions of gauge
invariant local operators O(x). The eigenvalues of the dilatation operator are
the conformal dimensions ∆, defined as
[D,O∆(x)] = i∆O∆(x) . (183)
If we know the conformal dimensions of all operators we have solved the two-
point function sector of N = 4 SYM, since
〈O†∆I (x)O∆J (y)〉 =
δIJ
|x− y|2∆I . (184)
What do we know about the conformal dimensions of operators in N = 4 SYM?
In the classical theory at zero coupling, conformal dimensions are equal to the
”engineering dimensions” ∆0, i.e. the free field values that can be read off
the classical Lagrangian. As we turn on the coupling λt, quantum corrections
generate anomalous dimensions
γ = ∆−∆0 . (185)
At weak coupling, i.e. when λt << 1, the anomalous dimensions can be com-
puted in a perturbative expansion loop by loop
γ = c1λt + c2λt
2 + . . . (186)
where ci is a numerical coefficient obtained by an i-th loop computation. An
exception is given by the BPS operators, namely short multiplets in N = 4
SYM whose anomalous dimensions vanish due to supersymmetry. An example
of a BPS operator is the chiral primary Trφ{iφj}, where φi are the six scalars
of N = 4 SYM and their SO(6) vector indices are in a symmetric traceless
combination.
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In the strong coupling regime, λt >> 1, perturbation theory breaks down
and we need new tools to study the spectrum of anomalous dimensions. Thanks
to the AdS/CFT correspondence, type IIB superstring theory on AdS5 × S5
comes to our rescue.
According to the AdS/CFT dictionary, conformal dimensions on the CFT
side are equal to energies of string states on the AdS side
∆ = E . (187)
In the strong coupling regime λt >> 1, the dual AdS background has a very large
radius in units of the string length, hence its curvature is weak and we are in
the supergravity approximation. In particular, the string sigma model coupling,
proportional to the inverse radius, is small and we are in the perturbative string
theory regime. As a result, the perturbative worldsheet computation of energy
of string states in AdS gives us the strong coupling expansion of conformal
dimensions of local operators on the gauge theory side.
At strong coupling, we can match conformal dimensions of local operators
with energies of strings as in (187), and we can classify the various strings
moving in AdS in three different sectors according to the different scaling of
their energy as follows
SYM side String side
BPS: γ = 0 supergravity: E ∼ O(1)
“short” non-BPS: γ ∼ 4√λt massive: E ∼ 4
√
λt
“long” non-BPS: γ ∼ √λt semi-classical: E ∼
√
λt
The first sector contains the gauge theory BPS operators, whose anomalous
dimensions vanish. This is dual to the massless sector of the superstring, which
describes ten-dimensional type IIB supergravity compactified on the five-sphere.
This is described on the worldsheet by physical vertex operator of weight zero
on the worldsheet.
In the second sector we put non-BPS operator that are made of a small
number of elementary N = 4 SYM fields. The prototypical example is the
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Konishi multiplet, whose highest weight state is classically Trφiφi. This kind
of operators are dual to the massive superstrings. In flat space, the massive
string states have a mass squared that scales as M2 ∼ 1/α′, so in the large
radius limit we see that their energy scales as E ∼ 4√λt. The Konishi multiplet
is dual to strings at the first massive level, described by physical worldsheet
vertex operators of classical weight (1, 1).
The last sector contains non-BPS operators made out of an asymptoti-
cally large number of elementary fields. They correspond to semi-classical
macroscopic strings with very large quantum numbers, whose energy scales as
E ∼ √λt.
In this section, we will first consider the massless sector and show that it
correctly describes type IIB supergravity on AdS5×S5. We will also provide two
examples of zero-momentum deformations of the action. We will then compute
the energy of a string state at the first massive level, that will give us the
anomalous dimension of the Konishi multiplet in the strong coupling regime.
Finally, we will consider the BMN sector, which is a particular example of semi-
classical strings with very large quantum numbers.
5.2. Supergravity sector
As we recalled in Section 2.1.3, the massless sector of the closed superstring
is given in terms of vertex operators of ghost number two and weight zero. On-
shell fluctuations around the AdS5 × S5 background are therefore described by
vertex operators of the form
U (2) = λaλ̂αˆAααˆ(x, θ, θˆ) (188)
satisfying (39) where Q and Qˆ are the BRST charges defined in (106). We
will show that the cohomology condition for this vertex operator reproduces the
supergravity equations of motion in AdS.
Consider the action of the BRST charge on a ghost-number (M,N) vertex
operator Φ = λα1 ...λαM λ̂β̂1 ...λ̂β̂NAα1...αM β̂1...β̂N (x, θ, θˆ),
QΦ = λκλα1 ...λαM λ̂β̂1 ...λ̂β̂N∇κAα1...αM β̂1...β̂N and (189)
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QˆΦ = λα1 ...λαM λ̂κ̂λ̂β̂1 ...λ̂β̂N∇κ̂Aα1...αM β̂1...β̂N
where ∇α = EMα (∂M + ωM ) and ∇αˆ = EMαˆ (∂M + ωM ) are the covariant su-
persymmetric derivatives in the AdS5 × S5 background, and EMB and ωM are
the super-vierbein and spin connection in the AdS5 × S5 background with B
ranging over the tangent-superspace indices (c, α, αˆ) and M ranging over the
curved superspace indices (m,µ, µ̂). One can express EMB and ωM in terms of
the coset elements g(x, θ, θˆ) by defining EMB = (E
B
M )
−1 and ω[cd]M = E
[cd]
M where
(g−1dg)B = EBMdX
M for XM = (xm, θµ, θˆµ̂).
To justify (189), one can check that it is the unique definition which preserves
all AdS isometries and reduces to QΦ = λαDαΦ and QˆΦ = λ̂
αˆDαˆΦ in the flat
limit. Furthermore, (189) is consistent with the nilpotency conditions Q2 =
Qˆ2 = {Q, Qˆ} = 0. The conditions Q2Φ = Qˆ2Φ = 0 follow from the fact that
γαβmnpqr{∇α,∇β} = γαˆβ̂mnpqr{∇αˆ,∇β̂} = 0. Although {∇α,∇β̂} is non-vanishing,
its symmetrical structure allows {Q, Qˆ}Φ to vanish since
{Q, Qˆ}Φ = λκλ̂τ̂λα1 ...λαM λ̂β̂1 ...λ̂β̂N {∇κ,∇τ̂}Aα1...αM β̂1...β̂N (190)
= λκλ̂τ̂λα1 ...λαM λ̂β̂1 ...λ̂β̂N ((γcd)κ
σδστ̂∇[cd] − (γc
′d′)κ
σδστ̂∇[c′d′])Aα1...αM β̂1...β̂N ,
where ∇[cd] acts as a Lorentz rotation in the [cd] direction on the M +N spinor
indices of Aα1...αM β̂1...β̂N , i.e.
∇[cd]Aα1...αM β̂1...β̂N = 12 [(γcd)α1γAγα2...β̂N + (γcd)α2γAα1γα3...β̂N + . . .
. . .+ (γcd)β̂N
γ̂Aα1...β̂N−1γ̂ ]. (191)
But since all indices of Aα1...αM β̂1...β̂N are contracted with either λ
α or λ̂αˆ, one
can use (40) to argue that all terms in (191) are proportional to
η[ab][cd]γabγmnpqrγcd = γ
abγmnpqrγab − γa′b′γmnpqrγa′b′ = 0 , (192)
which identically vanishes for any choice of five-form directions mnpqr. This fol-
lows from the Jacobi identity for the psu(2, 2|4) structure constants as explained
in Appendix C.2. So {Q, Qˆ}Φ = 0 as desired.
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Using (189), (39) implies that the bispinor superfield Aαβ̂(x, θ, θˆ) in the
physical vertex operator U (2) = λαλ̂β̂Aαβ̂ must satisfy the equations of motion
and gauge invariances
γαβmnpqr∇αAβγ̂ = γαˆγ̂mnpqr∇αˆAβγ̂ = 0, (193)
δAβγ̂ = ∇βΩ̂γ̂ +∇γ̂Ωβ with γαβmnpqr∇αΩβ = γαˆγ̂mnpqr∇αˆΩ̂γ̂ = 0.
Although one could do a component analysis to check that (193) correctly de-
scribes the on-shell fluctuations around the AdS5×S5 background, this is guar-
anteed to work since (193) are the unique equations of motion and gauge in-
variances which are invariant under the AdS isometries and which reduce to the
massless Type IIB supergravity equations of (41) in the flat limit.
Sometimes it is useful to consider vertex operators that are also worldsheet
primary fields, whose double pole with the stress tensor vanishes. In flat space,
this is given by (47) and (48). In the AdS5×S5 background, the left and right-
moving stress tensors associated with the action of (110) are (162). As was done
earlier with Q and Qˆ, instead of directly computing the OPE’s of T and T , it
will be simpler to deduce them from the requirements that they preserve the
AdS isometries and reduce correctly in the flat limit. It turns out that, when
acting on the physical vertex operator U (2) = λαλ̂β̂Aαβ̂(x, θ, θˆ), the condition
of no double poles with T or T implies that
∇B∇BAαβ̂(x, θ, θˆ) = 0 (194)
where ∇B∇B = ηBC∇B∇C , B = (c, [cd], α, αˆ) ranges over all tangent space
indices of psu(2, 2|4), ∇B = EMB (∂M + ωM ) are the covariant derivatives in the
AdS5×S5 background whenB = (c, c′, α, αˆ), and∇[cd] acts as a Lorentz rotation
in the cd direction on all tangent space indices. Note that [∇A,∇B} = fCAB∇C
where fCAB are the PSU(2, 2|4) structure constants and [∇B∇B ,∇C ] = 0 for
all C. In the flat limit, ∇B∇B reduces to ∂n∂n since ηcd is the only surviving
component of ηBC .
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To find the AdS5×S5 analog of (47), it will be convenient to define ABγ̂ by
Acγ̂ =
1
16
γαβc ∇αAβγ̂ ,
Aαˆγ̂ =
1
5
ηβδ̂[γc
αˆδ̂
(∇cAβγ̂ −∇βAcγ̂) + γc
′
αˆδ̂
(∇c′Aβγ̂ −∇βAc′γ̂)],
A[cd]γ̂ = ∇cAdγ̂ −∇dAcγ̂ , A[c′d′]γ̂ = −∇c′Ad′γ̂ +∇d′Ac′γ̂ . (195)
Under the gauge transformation δAαβ̂ = ∇αΩ̂β̂ + ∇β̂Ωα, one can check that
ABβ̂ transforms as
δABβ̂ = ∇BΩ̂β̂ − (−1)(B)∇β̂ΩB + (−1)(E)fDCβ̂ηCEηBDΩE (196)
where (B) = 0 if B is a bosonic index, (B) = 1 if B is a fermionic index, and
Ωc =
1
16
γαβc ∇αΩβ , Ω[cd] = 0.
Ωγ̂ =
1
5
ηβδ̂[γc
αˆδ̂
(∇cΩβ −∇βΩc) + γc′αˆδ̂(∇c′Ωβ −∇βΩc′)], (197)
One can similarly define AαB . Then the unique conditions on Aαβ̂ which pre-
serve the AdS isometries and which reduce to (47) in the flat limit are
∇B∇BAαβ̂ = 0, ∇BABβ̂ = ∇BAαB = 0. (198)
Furthermore, using the gauge transformations of (196) one can check that these
conditions are invariant under the residual gauge transformations
δAβγ̂ = ∇βΩ̂γ̂ +∇γ̂Ωβ with (199)
∇B∇BΩα = ∇B∇BΩ̂αˆ = ∇BΩB = ∇BΩ̂B = 0,
which reduce to (48) in the flat limit. So the conditions of (198) and (199) for
the primary vertex operator describing on-shell fluctuations of the AdS5 × S5
background closely resemble the conditions of (47) and (48) for the primary
vertex operator describing the massless Type IIB supergravity fields in a flat
background.
5.2.1. Radius deformation
The first example of a vertex operator is the operator corresponding to a
change in the radius of AdS. The pure spinor action is multiplied by the inverse
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sigma model coupling, which corresponds to the radius of AdS, in units of α′.
As we have shown previously, the radius does not renormalize and is not shifted
at one-loop, so it is a free parameter in the model. In the usual parlance of
conformal field theories, such operator describes a line of fixed points and it
is called an exactly marginal deformation. By the AdS/CFT dictionary, it is
dual to the gauge theory ’t Hooft coupling. Its insertion in an expectation
value probes the response to an infinitesimal change in the radius of AdS. If we
consider the action as an integrated vertex operator
∫
d2zV(0)zz¯ , where V(0)zz¯ is a
ghost number zero worldsheet two-form, corresponding to the radius of AdS, by
applying the standard descent procedure we will obtain the unintegrated vertex
operator (weight zero and ghost number two) corresponding to the radius of
AdS.
The lagrangian (110) is invariant under the BRST transformations generated
by (106) up to a total derivative. If we denote the worldsheet lagrangian LAdS ≡
V(0)zz¯ with
V(0)zz¯ = Str
[1
2
(J2J¯2 + J1J¯3 + J3J¯1) +
1
4
(J3J¯1 − J1J¯3) + (w∇¯λ+ wˆ∇λˆ−NNˆ)
]
,
then the BRST variation of the first term is
1
2
Str (J¯3∇λ+ J3∇¯λ+ J1∇¯λˆ+ J¯1∇λˆ) .
By using the Maurer-Cartan equations (96), the variation of the second term is
1
2
Str (J¯1∇λˆ− J1∇¯λˆ+ J3∇¯λ− J¯3∇λ)
+
1
4
Str [∂(λJ¯3 − λˆJ¯1) + ∂¯(λˆJ1 − λJ3)] ,
while the variation of the last term is
−Str (J¯1∇λˆ+ J3∇¯λ) .
By summing everything everything up, we conclude that the BRST variation of
the action is equal to the total derivative
QV(0)zz¯ = ∂f (1)z¯ − ∂¯f (1)z , (200)
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where
f (1)z =
1
4
Str (λJ3 − λˆJ1) , f (1)z¯ =
1
4
Str (λJ¯3 − λˆJ¯1) .
The last step in the descent gives the unintegrated vertex operator U (2)
Qf (1)z = ∂U (2) , Qf (1)z¯ = ∂¯U (2) ,
where
U (2) = −1
4
Strλλˆ = −1
4
ηααˆλ
αλˆαˆ . (201)
We conclude that (ηλλˆ) belongs to the cohomology and corresponds to the
radius deformation, that is the dilaton at zero momentum. The same procedure
in the case of the flat space action gives the vertex operator (λγmθ)(λˆγmθˆ),
which is the unintegrated vertex operator for the trace of the graviton at zero
momentum.
5.2.2. Beta deformation
Another interesting physical vertex operator of the AdS5 × S5 superstring
corresponds to the beta deformation at zero momentum. Let us introduce the
following operator in the adjoint representation of PSU(2, 2|4)
ΛA = [g−1(λˆ− λ)g]A ,
and consider the ghost number two and weight zero vertex operator
U [AB] = Λ[AΛB] .
This operator is in the antisymmetric product of two adjoint representations.
The part of U [AB] corresponding to the adjoint of PSU(2, 2|4) is BRST trivial
fCABU [AB] = {Λ,Λ}C = Q[g−1(λˆ+ λ)g]C ,
where but the remaining part is a physical deformation, to which we apply
the inverse descent procedure to obtain the corresponding integrated vertex
operator, by which we may deform the action. The operator ΛA is the ghost
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number one cocycle associated with the Noether currents jA of the PSU(2, 2|4)
global symmetry, namely Q(jA) = dΛA, so that the descent procedure gives
dU [AB] = 2Q(j[AΛB]) , d(j[AΛB]) = −1
2
j[A ∧ jB] .
For any constant antisymmetric matrix B[AB] (where [AB] is the product of two
adjoint representations of PSU(2, 2|4) from which we remove the adjoint part)
we have the following infinitesimal deformation of the action∫
d2z B[AB]j
A ∧ jB . (202)
Consider now the embedding of the five-sphere into R6 through the embedding
coordinates Y µ such that Y µY µ = 1, and take BAB in the direction of S
5
Vbeta = B
[µν][ρσ]
∫
d2zY[µdYν] ∧ Y[ρdYσ] + . . . , (203)
where . . . include the terms with θ’s present in the Noether currents. The vertex
operator (203) has the quantum numbers of the so-called beta deformation of
N = 4 super Yang-Mills.
5.3. Massive spectrum: Konishi multiplet
As we discussed above, short non-BPS operators in N = 4 SYM at strong
coupling are dual to massive perturbative string states, described in terms of
worldsheet vertex operators. The conformal dimension of non-BPS operators,
such as operators in the Konishi multiplet, receive quantum corrections, whose
evaluation at strong coupling we are now going to perform.
By imposing that the worldsheet vertex operators satisfy the superstring
physical state condition at the loop level, we derive an equation for the energy of
the corresponding string state, which gives in turn the strong coupling expansion
of the anomalous dimension of the dual gauge theory operator. We apply our
method to the simplest non-BPS operator, a member of the Konishi multiplet.
Our worldsheet computation of the anomalous dimension of a particular member
of the multiplet gives
γ = 2 4
√
λt − 4 + 24√λt
+O(1/
√
λt) . (204)
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The classical dimension ∆0 of different members of the Konishi multiplet may
take different integer or half-integer values, but the anomalous dimension (204)
is the same for all of them. In supersymmetric theories, a supermultiplet is
obtained by applying the supercharges to operator corresponding to the highest
weight state. The commutator of the supercharges with the dilation operator is
not renormalized (because of the supersymmetry algebra), hence the anomalous
dimension is the same for all elements of the supermultiplet. In light of this fact,
we can pick our favourite member of the multiplet to perform the calculation.
The leading term 2 4
√
λt reproduces the expected leading behaviour for an op-
erator dual to a string state at the first massive level. The last term 2/ 4
√
λt is
the one-loop correction to the anomalous dimension of the Konishi multiplet at
strong coupling.
The method we are going to explain can be used to solve for the whole
energy spectrum of massive states of type IIB superstring in AdS5×S5 and can
be expanded to any loop order at strong coupling. This will give an expansion
of the anomalous dimensions of short operators in super Yang-Mills theory in
inverse powers of 4
√
λt.
The way the massive string spectrum is computed in the pure spinor for-
malism in flat space proceeds usually as follows. Out of the worldsheet currents
Ji, J¯i, N, Nˆ , Jλ, J¯λ̂, one writes down the most general vertex operator of ghost
number two that is a two-form on the worldsheet. Then one imposes that the
vertex operator is in the BRST cohomology and finds some superspace equa-
tions of motion and gauge invariances, from which one identifies the spectrum
content of the superfields. In principle, one could attempt to replicate this pro-
cedure in AdS as well. However, it is not going to be easy, as the superspace
formulation of AdS, unlike flat space, has not been worked out in details. An-
other way would be to use the worldsheet current algebra that we derived in
the Section 4.3 and solve for the primary operators, as it is usually done in the
context of WZW models. We will use a different and simpler method instead.
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5.3.1. Classical configuration
In order to study the massive string spectrum, we will expand the sigma
model around a classical string configuration, describing a point-like string sit-
ting at the center of AdS. Using the metric of AdS in Lorentzian global coordi-
nates
ds2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dS23 , (205)
our string configuration sits at ρ ∼ 0 and evolves in time as eiEt. In the static
gauge, this is described by the coset element
g˜(σ, τ) = exp[−τET/
√
λt] , (206)
that solves the worldsheet equations of motion (112), where T is the anti-
hermitian PSU(2, 2|4) generator corresponding to the AdS time translations
and τ is the worldsheet time. In this Section we are using a different form of
the psu(2, 2|4) algebra, that the reader can find in Appendix C.4. The only
non-vanishing left-invariant current in this background is
J˜τ = g˜
−1∂τ g˜ = −ET/
√
λt . (207)
Hence, such classical configuration has vanishing BRST charge.
The Noether currents for the global PSU(2, 2|4) symmetry of the string
sigma model are given by
j =
√
λt
2pi g
(
J2 +
1
2J1 +
3
2J3 +N
)
g−1 ,
j¯ =
√
λt
2pi g
(
J¯2 +
1
2 J¯3 +
3
2 J¯1 + Nˆ
)
g−1 , (208)
and the Noether charges is
GPSU =
∮
dσ jτ , (209)
where
jτ =
√
λt
2pi
g[J1 + J2 + J3 +N + N¯ ]τg
−1 . (210)
In particular, the AdS energy operator E evaluated on the string configuration
(206) gives
E =
∮
dσ StrTj˜τ = E , (211)
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where we used Str(TT) = −1. Since we consider positive energy configurations,
we can take E to be positive in the following.
The classical Virasoro constraint for such configuration reads
T + T¯ =
√
λt
2
Str J˜τ J˜τ = − E
2
2
√
λ
. (212)
The classical Virasoro constraint (212) will be modified by quantum effects,
which are going to allow for a non-zero solution for E. Since for massive string
states, such as the one we are considering, the energy scales as E ∼ 4√λt, the
classical contribution to (212) is of order one and may be canceled against quan-
tum effects. Note that the classical configuration (206) is completely analogous
to the tachyon vacuum in bosonic string theory, whose profile is in fact eikX .
In the bosonic string, the vacuum |k〉 is a tachyon with momentum k and the
classical part of the Virasoro constraint is k2 = −M2, while in our case the
vacuum |E〉 has energy E and classical Virasoro constraint (212).
5.3.2. Quantization
Let us quantize the pure spinor action (110) around the classical configu-
ration (206) using the background field method. We parameterize the coset
element by g = g˜eX , where
X = tT +XAPA + ΦJ +X
IPI + Θ
aQa + Θ
a˙Qa˙ + Θ̂
aQ̂a + Θ̂
a˙Q̂a˙ , (213)
are the quantum fluctuations and g˜ is given in (206). The new notations in eq.
(213) are explained in Appendix C.4. As in the previous Section, we chose a
coset gauge in which the grading zero part of the fluctuations vanishes. The left
invariant currents are given by
Jτ = e
−X(∂τ − ET/
√
λt)e
X , Jσ = e
−X∂σeX . (214)
By expanding the action (110) up to quadratic order as in (126), (127) and
(128), and using the psu(2, 2|4) structure constants, we can read the spectrum
of fluctuations around the background (206). The quadratic part of the action
for the fluctuations is
S =
√
λ
2pi
∫ [
−∂t∂¯t+∂J∂¯J+δIJ∂XI ∂¯XJ+δAB
(
∂XA∂¯XB +
(
E
2
√
λ
)2
XAXB
)
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+Πab∂Θ̂
a∂¯Θb+Πa˙b˙∂Θ̂
a˙∂¯Θb˙− E
4
√
λ
[
δab(Θ
a∂¯Θb + Θ̂a∂Θ̂b) + δa˙b˙(Θ
a˙∂¯Θb˙ + Θ̂a˙∂Θ̂b˙)
]
+wa∂¯l
a + wa˙∂¯l
a˙ + wˆa∂lˆ
a + wˆa˙∂lˆ
a˙
]
The AdS5 time direction as well as the five sphere directions remain massless,
while the remaining four bosonic directions of AdS5 acquire a mass squared
m2X = (E/
√
λt)
2. The fermionic spectrum consists of sixteen massless fermions
and sixteen massive fermions with mass squared m2Θ = (E/2
√
λt)
2. The ghosts
remain massless. There is no relation between the bosonic and fermionic spec-
trum, reflecting the fact that this background is not BPS.
We can canonically quantize the theory imposing the usual equal time com-
mutation relations for the coordinates and their conjugate momenta. The equa-
tions of motion of some of the fluctuations are
∂∂¯XA +m2XX
A = 0 ,
∂∂¯Θ +mΘΠ∂Θ̂ = 0 ,
∂∂¯Θ̂−mΘΠ∂¯Θ = 0 . (215)
Their mode expansion is
Θ = Θ0 sinmΘτ −ΠΘ̂0 cosmΘτ
+
∑
n 6=0 cΘ,n
(
imΘ
ωΘ,n+kn
ϕ1Θ,nΘn − ϕ2Θ,nΠΘ̂n
)
+
∑
n ϑne
−in(τ−σ) ,
Θ̂ = Θ̂0 sinmΘτ + ΠΘ0 cosmΘτ
+
∑
n 6=0 cΘ,n
(
imΘ
ωΘ,n+kn
ϕ2Θ,nΘ̂n + ϕ
1
Θ,nΠΘn
)
+
∑
n ϑ̂ne
−in(τ+σ) ,
XA = xA0 cosmXτ + p
A
0 m
−1
X sinmXτ + i
∑
n 6=0
1
ωX,n
(
ϕ1X,nα
1A
n + ϕ
2
X,nα
2A
n
)
,
(216)
where, for s = (Θ, X), we defined
ϕ1s,n = exp[−i(ωs,nτ − knσ)] , ϕ2s,n = exp[−i(ωs,nτ + knσ)] ,
ωs,n =
√
m2s + k
2
n n > 0 ; ωs,n = −
√
m2s + k
2
n n < 0 ,
kn = 2pin , cs,n =
(
1 + (ωs,n − kn)2/m2s
)−1/2
,
(217)
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We can now compute the conjugate momenta
PΘ =
δS
δ∂τΘ
, PX =
δS
δ∂τX
, (218)
and impose equal time commutation relations between coordinates and mo-
menta
[PX(σ), X(σ
′)] = −iδ(σ − σ′) , {PΘ(σ),Θ(σ′)} = −iδ(σ − σ′) , (219)
by which we derive the commutation relations of the modes. In particular, the
zero modes of the fermions have commutation relations
{Θ0,Θ0} = − ImΘ = {Θ̂0, Θ̂0} ,
{Θ0, Θ̂0} = 0 . (220)
Our vacuum state |E〉 is a scalar and is annihilated by all positive modes,
including the zero modes of w, w¯. This last requirement ensures that the Lorentz
generators for the ghostsN and N¯ annihilate the vacuum. We can choose sixteen
fermionic zero modes as creation operators. Since we are using global AdS
coordinates, these are linear combinations of supercharges and superconformal
transformations. In the rest of the paper, we will evaluate the leading quantum
contributions to the physical state condition T+T¯ , applied to a particular vertex
operator to be introduced below.
The first quantum correction to (212) comes from the central charge. Even
if for E = 0, namely in empty AdS, the central charge vanishes (169), there
is a normal ordering contribution coming from the quadratic part of the stress
tensor when E 6= 0. This is given as usual by the sum of the energies of the
oscillator modes
2E√
λt
+
1
2
∞∑
n=1
(
6
√
n2 + 4
√
n2 + (E/
√
λt)2 (221)
−16
√
n2 − 16
√
n2 + (E/2
√
λt)2 + 22
√
n2
)
.
The first term is the contribution from the zero modes of the bosons; due to the
commutation relations (220), there is no contribution from the fermionic zero
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modes, just as in the pp-wave Hamiltonian. Inside the sum, the first two terms
come from the bosonic oscillators, the second two terms from the fermionic ones
and the last term from the ghosts. We have not computed the precise value of
E yet, but we want it to correspond to a stringy state, whose energy scales as
E ∼ 4√λt, which gives E/
√
λt ∼ 1/ 4
√
λt  1. In this limit we obtain from (221)
the total contribution 2 E√
λt
− 316ζ(3)( E√λt )
4. We can drop the second term as it
does not contribute to the energy at the order we are considering, so we are left
with the contribution
2E/
√
λt . (222)
Note that at order ( E√
λt
)2 the four massive bosonic modes cancel with the
massive sixteen fermionic modes. The contribution 2 E√
λt
, which would vanish
in a BPS background, will affect the one-loop correction to the energy of the
string, contributing to the last term in (204).
5.3.3. Massive vertex operator
Let us consider now a specific worldsheet vertex operator. All of the mem-
bers of the Konishi multiplet have the same anomalous dimension and they are
in one to one correspondence with the string states at the first massive level.
Thus we will choose a particularly simple state in the first massive string level,
that will simplify the computation. Physical states are given by unintegrated
vertex operators of ghost number two.11 The simplest one is Strλλ̂ and it cor-
11Since we are using both the BRST and the Virasoro conditions on physical states, let us
comment on their respective relevance. As we saw when discussing the massless vertex opera-
tors in Section 5.2, the BRST condition applied to the most general massless vertex operator
gives the covariant equations of motion and gauge invariances in superspace, that relate the
members of the supermultiplet to each other. This allows to recognize the onshell degrees of
freedom contained in the supermultiplet, e.g. the IIB supergravity multiplet in (193). On the
other hand, the Virasoro condition gives a polynomial expression in the PSU(2, 2|4) quantum
numbers of the state. When acting on the vertex operator for the half-BPS supermultiplet in
(194), this polynomial expression turns out to be the quadratic Casimir of the PSU(2, 2|4)
super-isometry group (realized as the super-Laplacian), which vanishes for such multiplet.
We also showed that the Virasoro condition partially fixes some of the gauge redundancy in
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responds to the radius modulus at zero momentum (201). We will denote the
corresponding state as
|λλ̂〉 ≡ Str(λλ̂)|E〉 . (223)
We choose the simple state
|V 〉 = x+−1x¯+−1|λλ̂〉 , (224)
where x+−1 and x¯
+
−1 are the first left- and right-moving oscillators coming from
the fluctuations of the AdS “space-cone” coordinate x+ = X1 + iX2. We
can interpret this state as being created by non-zero modes of the global sym-
metry right invariant currents. We should emphasize that this is not a global
PSU(2, 2|4) transformation. We identify the vertex operator (224) to be dual to
a particular member of the Konishi multiplet with classical dimension ∆0 = 6,
Lorentz spin two and singlet of SU(4). The operator |λλ̂〉, corresponding to
the radius changing operator, is dual to the Yang-Mills lagrangian and it has
∆0 = 4, so it is natural to expect that (224) has two unites more of classi-
cal dimension. This state is a two-magnon impurity of mass E/
√
λt, whose
contribution to the worldsheet energy is
2
√
1 + (E/
√
λt)2 . (225)
5.3.4. Quartic corrections
Other possible contributions to the physical state condition at this order
may come from the terms in the stress tensor T + T¯ , expanded to quartic order
in fluctuations around the classical background (206) and acting on the specific
vertex operator (224). Let us analyze the possible terms.
The factor of 2 in front of the square root in (225) may get corrected by
quartic terms in T + T¯ of the form (∂X)2X2, due to normal ordering. However,
the superspace description of the supermultiplets in (198), choosing the gauge in which the
vertex operator is a worldsheet primary field. In the present discussion, we are interested
in computing the eigenvalue of the energy operator for the Konishi multiplet, which is one
of the generators of PSU(2, 2|4), appearing in the Virasoro condition. This condition is a
polynomial expression in such eigenvalue, which we must set to zero and solve for the energy.
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there is no normal ordering due to this term. This comes from the fact that any
correction to this term has to be proportional to the one-loop beta function,
which vanishes. There are other corrections that are not protected by the beta
function argument, but they are of the form (E/
√
λt)∂XX
3 and (E/
√
λt)
2X4.
In any case, they give higher order contributions to the energy and we can safely
neglect them.
The last possible contribution comes from the fact that the operator (224)
might mix with other operators due to quartic terms in T + T¯ . In order to study
the mixing, we have to compute the momenta (218) conjugate to the fields up
to quartic terms in the action, then plug these back into the stress tensor. The
momenta are of the form
Pi =
δS
δ∂τXi
= ∂τXi + . . . ,
where . . . are higher order terms in the fluctuation, which must be included up
to the third order. In this way we eliminate all the time derivatives in the stress
tensor. For the particular vertex operator (224) we may only consider the terms
with four bosonic or two bosonic and two fermionic fields. The relevant terms
in the hamiltonian are the following:
Str
(
− 5
16
[∂σX1, X2][P2, X3] +
1
12
[∂σX1, X3][P2, X2] +
1
8
[∂σX2, X1][P2, X3]
−1
6
[∂σX2, X2][∂σX2, X2]− 1
3
[∂σX2, X2][X3, X1]− 1
12
[∂σX2, X2][P1, X3]
+
1
12
[∂σX2, X2][P3, X1]− 5
24
[∂σX2, X3][P1, X2]− 1
12
[∂σX3, X1][P2, X2]
− 7
24
[∂σX3, X2][P1, X2]− 5
24
[∂σX3, X2][P2, X1] +
1
12
[P1, X2][P3, X2]
+
1
3
[P1, X3][P2, X2] +
1
12
[P2, X1][P2, X3] +
1
12
[P2, X1][P3, X2]
1
6
[P2, X2][P2, X2] +
1
3
[P2, X2][P3, X1]
)
.
Terms quartic in bosons can both introduce mixing and also correct the energy
of our state. Terms with two fermions and two bosons will only give mixing. For
the particular choice of the “space-cone” polarization in (224), it is easy to see
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that there will be no mixing with other bosonic states, nor mixing with states
created by two fermions, since the stress tensor will only have commutators
and products of gamma matrices, which vanish for this particular choice of
polarization. In fact, this simplification is what led us to choose that particular
member of the Konishi supermultiplet in the first place. However, there is a non-
vanishing correction to the energy, proportional to the state itself, coming from
the term 16 (Str [P2, X2]
2 − Str [∂σX2, X2]2) in the stress tensor. At this point,
we can expand the Hamiltonian into modes as in (216) and use the canonical
commutation relations in (219) when applying the Hamiltonian to the state
(224). We obtain the following correction to the physical state condition:
− 2/
√
λt . (226)
5.3.5. Conformal dimension
Summing up the contributions (212), (222), (225), and (226) to the Virasoro
constraint, we find that the physical state condition
(T + T¯ )|V 〉 = 0 , (227)
gives
− E(E − 4)
2
√
λt
+ 2
√
1 + (
E√
λt
)2 − 2√
λt
= 0 . (228)
The positive energy solution of this equation gives the energy of our string
state (224). According to the AdS/CFT dictionary, the energy operator on the
string side of the correspondence is mapped to the dilatation operator on the
field theory side, whose eigenvalues are the conformal dimensions of operators.
Above, we identified the field theory dual to the string state (224) as a member
of the Konishi multiplet with classical dimension ∆0 = 6, Lorentz spin two and
singlet of SU(4). Its conformal dimension at strong coupling is therefore
∆ = E = 2 4
√
λt + 2 +
2
4
√
λt
+O(λ−1/2t ). (229)
Hence we derived (204) with ∆0 = 6.
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5.4. String correlation functions
After solving for the string spectrum, which corresponds to evaluating the
two-point functions, the next step is to compute string n-point correlation func-
tions on the worldsheet. These give the 1/Nc corrections to the planar limit of
N = 4 SYM. Correlation functions on the CFT side are dual to string scattering
amplitudes on the AdS side, where each vertex operator insertion is dual to a
specific gauge theory operator insertion, schematically12
〈
n∏
i=1
O(xi)〉CFT = 〈
3∏
i=1
U (2)i (zi;xi)
n∏
i=4
∫
d2ziV(0)i (zi;xi)〉AdS .
The right hand side is a tree level string amplitude. The vertex operators
depend both on the insertion point zi on the worldsheet and on a parameter xi,
that represents the operator insertion on the AdS boundary. Here we will not
evaluate any correlation function explicitly, but we will show how to integrate
the zero modes of the worldsheet variables and define the higher genus amplitude
prescription, which involves the construction of the b antighost.
The pure spinor sigma model in AdS, albeit interacting, is in a sense simpler
than the flat space one. In the G/H supercoset realization with the Z4 grading,
the H1 and the H3 fermionic subalgebras are complex conjugate of each other.
As a consequence, the left and right moving pure spinors are complex conjugates
(λα)† = ηααˆλˆαˆ .
This crucial fact implies that, unlike in flat space, we do not need to add any
non-minimal pure spinor variables in the AdS sigma model. The b antighost
and the scattering amplitudes are easily defined just using the minimal variables.
Moreover, the Riemann curvature coupling to the pure spinor Lorentz generators
provides a natural gaussian regulator for the zero mode integral on the pure
spinor cone. These facts imply that the “minimal” pure spinor formalism we
have been using so far is suited for the amplitude computation.
12We consider here a sphere amplitude, so on the string side we only integrate over n − 3
positions on the worldsheet and fix the remaining three using the SL(2) symmetry.
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The tree level prescription for string scattering amplitudes differs from the
flat space one by the rule for the integration of the zero modes. The closed
string n-point function
An(x1, . . . , xn) = 〈
3∏
i=1
U (2)i (zi;xi)
n∏
i=4
∫
d2ziV(0)i (zi;xi)〉 , (230)
where the U (2)’s are ghost number two unintegrated vertex operators and the
V(0)’s are ghost number zero integrated ones, is defined in flat space using the
zero mode integration rule (29), that is
〈f(X, θ, θˆ, λ, λ̂)〉flat =
∫
d10x
∫
d5θα1...α5
∫
d5θˆαˆ1...αˆ5
(γm∂λ)
α1(γn∂λ)
α2(γp∂λ)
α3(γmnp)
α4α5(γq∂λ̂)
αˆ1(γr∂λ̂)
αˆ2(γs∂λ̂)
αˆ3(γqrs)
αˆ4αˆ5
f(X, θ, θˆ, λ, λ̂)|θ=θˆ=0 . (231)
Note that the function f(X, θ, θˆ, λ, λ̂) in the previous equation was called λαλβλγ
fαβγ(X, θ, θˆ) in (29). In the AdS5×S5 background, on the other hand, the zero
mode saturation rule
〈f(X, θ, θˆ, λ, λ̂)〉AdS = (232)
=
∫
d10x
∫
d16θ
∫
d16θˆ sdetEAM
∫
d11λd11λ̂ f(X, θ, θˆ, λ, λ̂)|θ=θˆ=0 ,
where EAM are the AdS5 × S5 super-vielbein, has a clear geometrical meaning
as the Haar measure Dg on the G/H coset
Dg =
∫
d10x
∫
d16θ
∫
d16θˆ sdetEAM . (233)
5.4.1. Amplitude prescription
Since (b, c) and (bˆ, cˆ) reparameterization ghosts are not fundamental world-
sheet variables in the pure spinor formalism, g–loop scattering amplitudes Ag
are defined as in topological string theory where the left-moving b antighost and
right-moving bˆ antighost are composite fields constructed to satisfy
{Q, b} = T, {Qˆ, bˆ} = Tˆ ,
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where Q and Qˆ are the left and right-moving BRST operators and T and Tˆ are
the left and right-moving stress tensors. As in topological string theory, the in-
tegration measure is then defined by contracting (3g−3) composite b antighosts
with the Beltrami differentials µ corresponding to the (3g−3) Teichmuller mod-
uli τ of the genus g Riemann surface
An =
∫
d3g−3τ
∫
d3g−3τ¯〈(
∫
µb)3g−3(
∫
µ¯bˆ)3g−3
n∏
i=1
∫
d2ziV(0)i (zi)〉 . (234)
Note that in flat background, the integration over the g zero modes of the world-
sheet one-forms w, wˆ requires the introduction of a special BRST exact regula-
tor, depending on the “non-minimal” pure spinor variables. In the AdS5 × S5
case, however, the coupling of the Riemann curvature to the ghost Lorentz cur-
rents exp(−StrNNˆ), which is already present in the action, provides naturally
such regulator.
In a flat background, the construction of the b antighost satisfying {Q, b} = T
is complicated and requires the introduction of non-minimal worldsheet vari-
ables. However, in curved backgrounds where the R-R superfield (44) is invert-
ible, we do not need to introduce non-minimal variables.
Instead of introducing new non-minimal variables (λα, λˆαˆ) to play the role
of the complex conjugates of (λα, λ̂αˆ), one can simply define
λα ≡ ηααˆλ̂αˆ, λˆαˆ ≡ ηααˆλα. (235)
So after multiplying by the inverse RR superfield P−1 = η, the original left
and right-moving pure spinor ghosts can be interpreted as complex conjugates
of each other. In a flat background, this interpretation is not possible since
λαλα = ηααˆλ
αλ̂αˆ is BRST-trivial, so it cannot be interpreted as a positive-
definite quantity. As we showed in the Section 5.2.1, the vertex operator
V = ηααˆλ
αλˆαˆ ≡ (λλˆ) ,
which is in the cohomology, is obtained by the descent relation from the action.
So it is consistent to interpret ηααˆλ
αλ̂αˆ as a non-vanishing quantity since it can-
not be gauged away. After interpreting the complex conjugate of the pure spinor
variables as in (235), the construction of the b antighost is straightforward.
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However, unlike the left-moving b antighost in a flat background, the b
antighost in a curved background is not holomorphic, i.e. it does not satisfy
∂¯b = 0. Instead it satisfies
∂¯b = [Qˆ,O] (236)
where O is defined by taking the antiholomorphic contour integral of bˆ around
b. One similarly finds that the bˆ antighost is not antiholomorphic and instead
satisfies
∂bˆ = [Q, Oˆ] (237)
where Oˆ is defined by taking the holomorphic contour integral of b around bˆ.
To prove (236), one uses the properties
{Q, b} = T, {Qˆ, b} = 0, {Qˆ, bˆ} = Tˆ , {Q, bˆ} = 0 (238)
to show that
∂¯b = [Tˆ−1, b] = [{Qˆ, bˆ−1}, b] = [Qˆ,O] (239)
where [Tˆ−1, X] and {bˆ−1, X} denote the antiholomorphic contour integral of Tˆ
and bˆ around X, and O ≡ {bˆ−1, b}. One can similarly use (238) to prove (237)
where Oˆ ≡ {b−1, bˆ} and {b−1, X} denotes the holomorphic contour integral of
b around X.
Although this non-holomorphic structure of the b and bˆ antighosts is unusual,
(236) and (237) should be enough for consistency of the amplitude prescription
of (234). In order that
∫
µb in (234) is invariant under the shift of the Beltrami
differential µ→ µ+ ∂¯ν for any ν, one usually requires that ∂¯b = 0. However, if
one can ignore surface terms coming from the boundary of Teichmuller moduli
space, it is sufficient to require the milder condition
∂¯b = [Qˆ,O] . (240)
This can be shown by pulling Qˆ off of O and using [Qˆ, V ] = {Qˆ, b} = 0 and
{Qˆ, bˆ} = Tˆ to obtain terms which are total derivatives in the Teichmuller moduli.
If one can ignore surface terms from the boundary of moduli space, these total
derivatives do not contribute.
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5.4.2. b antighost
It will be convenient to redefine the hatted worldsheet quantities by intro-
ducing a factor of the constant Ramond-Ramond superfield ηααˆ = (γ01234)
ααˆ
and its inverse ηααˆ = (γ01234)ααˆ
λˆα ≡ ηααˆλˆαˆ , wˆα ≡ ηααˆwˆαˆ , (J3)α ≡ ηααˆJ αˆ3 . (241)
In terms of the PSU(2, 2|4) super Lie algebra, the grading one and the
grading three subspaces are related by hermitian conjugation which implies
(λα)† = λˆα .
After the redefinition (241), the stress tensor of the worldsheet theory reads
T = − 12Ja2 Jb2ηab + Jα1 J3α − wα∇λα , (242)
and it is easy to check that it satisfies {Q,T} = {Qˆ, T} = 0.
Before we consider the b antighost, let us introduce the projection operator
Kαβ =
1
2(λλˆ)
(γaλˆ)α(λγa)β =
1
2(λλˆ)
(γaλ)β(λˆγa)
α , (243)
with the following properties
(1−K)γaλ = 0 , Kγaγbλ = 0 , K∇λ = 0 , (244)
and similar for λˆ. Its traces over the spinor indices are TrK = 5 and Tr (1−K) =
11. By means of the projector Kβα we can introduce the new gauge invariant
quantity
wα(1−K)αβ , (245)
The expression for the AdS5 × S5 antighost can be written in terms of the
(1−K)αβ projector as
b =
(λˆγaJ3)J
a
2
2(λλˆ)
− wα(1−K)αβJβ1 . (246)
Using the BRST transformations in (107), it is easy to show that {Q, b} = T .
We will be ignoring possible normal-ordering corrections to the b antighost and
will only be considering the terms in b which are lowest order in α′.
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The other crucial property of the b antighost is
{Qˆ, b} = 0.
Let us prove it. The variation of the first term in (246) is
1
2(λλˆ)
(
(λˆγa∇¯λˆ)Ja2 − (λˆγaJ3)(λˆγaJ3)
)
,
which vanishes because of the pure spinor constraint and the properties of ten
dimensional gamma matrices. The variation of the second term in (246) is
wα(1−K)αβ(γaλˆ)βJa2 ,
which vanishes due to the properties of the projector (244).
An analogous construction carries over to the right-moving sector. The
right-moving stress tensor and antighost are
Tˆ = − 12 J¯a2 J¯b2ηab + J¯α1 J¯3α − wˆ∇¯λ̂ , (247)
bˆ = − 1
2λλ̂
(λγaJ¯1)J¯
a
2 − wˆα(1−K)βα(J¯3)β . (248)
One can check that {Qˆ, bˆ} = Tˆ and {Q, bˆ} = 0.
We can apply the argument given in (236) to show that the b antighost is
conserved up to BRST exact terms. The details are collected in Appendix D.6.
Guide to the literature
The AdS/CFT correspondence was introduced in the three seminal papers
[1, 2, 3]. The amount of literature on this topic is huge and we will only men-
tion three reviews. A comprehensive review of the early days of AdS/CFT
correspondence is [97]. A useful beginner review with some basic computations
carried out in details is [98]. An advanced review that focuses on the worldsheet
aspects of the correspondence and exploits its integrability (discussed later in
our Section 6) is [99].
The massless vertex operators of the pure spinor sigma model in AdS were
analyzed in [75]. The radius changing operator is discussed in [40, 41, 100],
where a derivation of the pure spinor formalism in AdS from the gauge fixing
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of a classical G/G coset model is also presented. The vertex operator for the
beta-deformation was derived in [101] and used to deform the AdS5×S5 action
in [43].
The massive string vertex operator dual to the Konishi multiplet has been
studied in [17], using the techniques developed in [102, 103] and [104]. The
same results have been obtained by semi-classical methods in [13] and [16] and
reproduce the earlier conjecure for the anomalous dimension of the Konishi
multiplet proposed in [18], using integrability and the Y-system. The first two
terms in (204) were derived much earlier in [105], in the context of the AdS/CFT
approach to the Pomeron exchange in QCD.
There are a number of papers that address the computation of the string
theory spectrum in AdS3 backgrounds, which provide a somewhat different per-
spective from the one we took in this chapter. The construction of vertex
operators in AdS3 with NSNS flux was considered in [35]. More recently, in the
series of papers [106, 107, 108, 109, 110], the AdS3 background with RR flux
has been considered from the point of view of the worldsheet current algebra
and its massless sector and other interesting observables have been computed.
We have not mentioned the string spectrum in the BMN sector, namely
small fluctuations around a point-like classical string moving fast around the
equator of the five-sphere. The interested reader can find the GS sigma model
on such background in [104] and the pure spinor sigma model in [111, 100]. An
alternative covariant formulation with N = 2 worldsheet supersymmetry can
be found in [112]. The AdS/CFT analysis of the BMN sector is carried out in
[6].
The computation of string theory correlators in AdS5 × S5 is a relatively
new topic. The three point functions of two semi-classical string states and a
supergravity mode has been computed in the GS formalism in [25, 26, 27, 28]. In
the pure spinor formalism, the prescription for multiloop scattering amplitudes
in AdS has been proposed in [41, 100] and the b antighost has been constructed
in [59].
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6. Integrability
The pure spinor superstring on AdS5 ×S5 background is an integrable two-
dimensional conformal field theory. It inherits its classical integrability from the
GS sigma model.
The pure spinor sigma model is an integrable model of a new kind. It displays
the usual Yangian symmetry, which is encoded in the Lax representation of the
string equations of motion. On top of this, there is a new structure, which is not
present in other integrable sigma models: BRST symmetry. The interplay of
Yangian and BRST symmetry leads to the quantum integrability of the sigma
model, which has been proven both explicitly at one-loop and also algebraically
at all orders in the sigma model perturbation theory. In this chapter we will
explain all of these features.
6.1. Classical integrability
We will first derive the Lax equation. Consider a sigma model on a super-
coset G/H, that has a Z4 automorphism, where the gauge symmetry acts on
the right g → gh. We can build two kind of currents: the moving frame currents
J = g−1dg are invariant under the global symmetry acting on the left, but they
are covariant with respect to the gauge symmetry acting on the right, namely
Ji → h−1Jih, for i = 1, 2, 3 and J0 → h−1J0h+ h−1dh; the fixed frame currents
j = dgg−1, which are invariant under the gauge symmetry, but transform in the
adjoint representation of the global symmetry group G.
Suppose we can find a gauge invariant current a(µ), depending on a complex
parameter µ that we will call the spectral parameter, such that it obeys the
flatness condition
da+ a ∧ a = 0 . (249)
Given a flat connection, the equation (d+ a)U = 0 is integrable and it is solved
by the Wilson line of the flat connection around the string worldsheet
U = P exp
(
−
∫
C
a
)
, (250)
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where C is contour on the worldsheet and P denotes the path ordering of the
Lie algebra. Because the connection is flat, the Wilson line is invariant under
the continuous deformations of C with fixed endpoints. Using (250) one can
construct an infinite set of non-local conserved charges, which implies that the
theory is classically integrable.
It is more convenient to work with upper case currents, so let us see how the
conserved charges arise in the moving frame language. Let us define a moving
frame flat connection A(µ) as
d+A(µ) ≡ g−1(d+ a(µ))g ,
that yields
A(µ) = J + g−1a(µ)g , (251)
where J = g−1dg = J0 +J1 +J2 +J3 is our usual left-invariant current. Because
of the flatness condition on a(µ) and the Maurer-Cartan equation on J , the left-
invariant current A(µ), which is called a Lax connection, is flat as well13
dA+A ∧A = 0 . (252)
If we can find an A(µ) that satisfies (252), we can construct a monodromy
matrix, that is the Wilson loop of the Lax connection around the closed string
Ω(µ;Q) = P exp
(
−
∮
C
A(µ)
)
, (253)
where C is a non-contractible loop around the string worldsheet, bound to the
point Q. Because of the flatness condition (252), two monodromy matrices
based at two different points Q and R only differ by a similarity transformation
Ω(µ;Q) = uΩ(µ;R)u−1 ,
13One can parameterize the left invariant currents as A˜ = g−1ag instead, and derive from
(249) the equation dA˜+J∧A˜+A˜∧J+A˜∧A˜ = 0. This is how the pure spinor Lax connection
was first derived, however note that the parametrization (251) is more convenient, since we
can construct a monodromy matrix directly in the moving frame.
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where u = P exp
(
− ∮
γ
A(µ)
)
and γ is a contour between Q and R. It follows
that the eigenvalues of the monodromy matrix do not depend on the reference
point Q and therefore are conserved quantities of the string sigma model.
Note that under any symmetry that transforms the Lax connection by con-
jugation
δA(µ) = dΛ + Λ ∧A(µ) , (254)
the monodromy matrix (253) transforms by similarity and therefore the eigen-
values are invariant. In particular, this holds for the gauge symmetry as well as
for the BRST symmetry of the pure spinor sigma model, as we will see below.
Pure Spinor Monodromy Matrix
We are looking for a left invariant current A(µ), depending on the spectral
parameter µ, that satisfies the flatness equation (252) and is built out of the
currents of the pure spinor sigma model. Let us take a generic combination
A = c0J0 + c1J1 + c2J2 + c3J3 + cNN ,
A¯ = c¯0J¯0 + c¯1J¯1 + c¯2J¯2 + c¯3J¯3 + c¯N Nˆ ,
and impose (252). By using the equations of motion and the Maurer-Cartan
equations, we find conditions on the coefficients ci, c¯i, that can be solved in
terms of one parameter µ and yield the following Lax connection
A = J0 −N + µ−1J3 + µ−2J2 + µ−3J1 + µ−4N , (255)
A¯ = J¯0 − Nˆ + µJ¯1 + µ2J¯2 + µ3J¯3 + µ4Nˆ .
Note that worldsheet PT transformation on the Lax connection, namely z ↔ z¯
and exchanging grading 1↔ 3, is equivalent to the inversion of the spectral pa-
rameter µ↔ 1/µ. Hence, the Lax connection is invariant under their combined
action
z ↔ z¯ , grad 1↔ grad 3 , µ↔ 1/µ . (256)
Among the possible variation of the Lax connection (and hence of the mon-
odromy matrix), the good ones are the ones that do not change the ana-
lytic structure in the spectral parameter µ. In particular, given a function
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of the spectral parameter Φ(µ), the dressing transformations are defined as
δA(µ) = D(µ)Φ(µ), such that D(µ)Φ(µ) has the same analytic structure in µ
as the Lax connection, namely a Laurent expansion in µ0 to µ−4 for A(µ) and
from µ0 to µ4 for A¯(µ). Here we introduced the covariant derivative of the Lax
connection D(µ)Φ = dΦ+A(µ)∧Φ. The BRST variation of the Lax connection
is an infinitesimal dressing transformation
[Q,A(µ)] = D(µ)λ(µ) , [Q, A¯(µ)] = D¯(µ)λ(µ) , (257)
where we introduced the dressed pure spinors λ(µ) = µλ+ 1µ λˆ. Note also that
the BRST acts on the monodromy matrix by a similarity transformation
[Q,Ω(µ;Q)] = [λ(µ)|Q,Ω(µ;Q)] . (258)
hence the eigenvalues of the monodromy matrix are BRST invariant quantities.
The gauge invariant Lax connection is obtained by inverting the map (251).
We have that a(µ) = g(A(µ)− J)g−1 explicitly
a = g[µ−1J3 + µ−2J2 + µ−3J1 + (µ−4 − 1)N ]g−1 , (259)
a¯ = g[µJ¯1 + µ
2J¯2 + µ
3J¯3 + (µ
4 − 1)Nˆ ]g−1 .
6.2. Integrability and BRST cohomology
The existence of an infinite set of BRST-invariant nonlocal charges can be
deduced from the absence of certain states in the BRST cohomology at ghost-
number two. These ghost-number two states are fCABh
AhB where hA are the
BRST-invariant ghost-number one states associated with the global isometries
and fCAB are the structure constants. Whenever f
C
ABh
AhB can be written as
QΩC for some ΩC (i.e. whenever fCABh
AhB is not in the BRST cohomology),
one can construct an infinite set of BRST-invariant nonlocal charges.
Suppose one has a BRST-invariant string theory with global physical sym-
metries described by the charges qA =
∫
dσ jA(σ). Since these symmetries take
physical states to physical states, qA =
∫
dσ jA(σ) must satisfy Q(qA) = 0
where Q is the BRST charge. Note that {Q, b0} = H where H is the Hamilto-
nian, so BRST invariance implies charge conservation if qA commutes with the
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b0 ghost, i.e. if q
A can be chosen in Siegel gauge. With the exception of the
zero-momentum dilaton, it is expected that all ghost-number zero states in the
BRST cohomology can be chosen in Siegel gauge.14
Since Q(
∫
dσjA(σ)) = 0, Q(jA) = ∂σh
A for some hA of ghost-number one.
And Q2 = 0 implies that Q(∂σh
A) = 0, which implies that Q(hA) = 0 since
there are no σ-independent worldsheet fields.
Consider the BRST-invariant ghost-number two states fCAB : h
AhB : where
fCAB are the structure constants and normal-ordering is defined in any BRST-
invariant manner, e.g. : hA(z)hB(z) :≡ 12pii
∮
dy(y − z)−1hA(y)hB(z) where the
contour of y goes around the point z. It will now be shown that whenever
fCAB : h
AhB : is not in the BRST cohomology15, i.e. whenever there exists an
operator ΩC satisfying Q(ΩC) = fCAB : h
AhB :, one can construct an infinite set
of nonlocal BRST-invariant charges.
To prove this claim, consider the nonlocal charge
kC = fCAB :
∫ ∞
−∞
dσ jA(σ)
∫ σ
−∞
dσ′ jB(σ′) : .
Using Q(jA) = ∂σh
A, one finds that Q(kC) =
∫
dσlC(σ) where
lC = −2fCAB : hA(σ)jB(σ) : .
One can check that Q(lC) = fCAB∂σ(: h
AhB :), so Q(lC − ∂σΩC) = 0 where ΩC
is the operator which is assumed to satisfy Q(ΩC) = fCAB : h
AhB :.
Since (lC − ∂σΩC) has +1 conformal weight and since BRST cohomology
is only nontrivial at zero conformal weight, lC − ∂σΩC = Q(ΣC) for some ΣC .
14In the pure spinor formalism for the superstring, there is no natural b ghost. Nevertheless,
it is expected that for any ghost-number zero state in the pure-spinor BRST cohomology, there
exists a gauge in which the state is annihilated by H.
15This BRST cohomology is defined in the “extended” Hilbert space which includes the
zero mode of the xm variables. As explained in [113] the inclusion of the xm zero mode in
the Hilbert space allows global isometries to be described by ghost-number one states in the
cohomology.
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Using ΣC , one can therefore construct the nonlocal BRST-invariant charge
q˜C = fCAB :
∫ ∞
−∞
dσ jA(σ)
∫ σ
−∞
dσ′ jB(σ′) : −
∫ ∞
−∞
dσΣC(σ).
By repeatedly commuting q˜C with q˜D, one generates an infinite set of non-
local BRST-invariant charges. So as claimed, fCAB : h
AhB := Q(ΩC) implies the
existence of an infinite set of nonlocal BRST-invariant charges.
Let us know specialize to the pure spinor sigma model on AdS5 × S5. To
prove the existence of an infinite set of BRST-invariant charges, one needs to
find an Ω = ΩCTC satisfying QΩ =: {h, h} : where h = hATA, Q(j) = ∂σh, and
qA =
∫
dσjA are the charges associated with the global PSU(2, 2|4) isometries
(209). It will be shown in (265) that Q(j) = ∂σ(g(λ− λ̂)g−1), so
h = g(λ− λ̂)g−1. (260)
Note that h is BRST-invariant since
Q(h) = g{(λ+ λ̂), (λ− λ̂)}g−1 = g((λαγmαβλβ)Tm − (λ̂αˆγmαˆβ̂λ̂β̂)Tm)g−1 = 0
(261)
because of the pure spinor constraint. Consider the ghost-number two state
{h, h} = 2g(λ− λ̂)(λ− λ̂)g−1 = −2g{λ, λ̂}g−1. (262)
Since {λ+ λ̂, λ+ λ̂} = 2{λ, λ̂}, one can write this state as QΩ where
Ω = −g(λ+ λ̂)g−1. (263)
So QΩ = {h, h}, which implies the existence of an infinite set of BRST-invariant
charges.
To explicitly construct these BRST-invariant charges, suppose one has a
gauge invariant (i.e. lower case) current whose τ -component a satisfies
Qa = ∂σΛ + [a,Λ] (264)
for some Λ. Then, as we discussed above, the charge (250) transforms under
BRST by conjugation, hence its eigenvalues are BRST invariant. It is easy to
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check that the gauge invariant Lax connection (259) transforms as in (264) with
Λ = g(µλ+ λˆ/µ)g−1.
Note that the global charge q =
∫
dσj(σ) can be obtained by expanding a(µ)
near µ = 1. If µ = 1+, one finds that a(µ) = j+O(2) and Λ(µ) = h+O(2)
where Q(j) = h. So one learns that
h = lim
→0
−1Λ(µ) = g(λ− λ̂)g−1, (265)
as was claimed in (260).
6.3. Quantum integrability
In the previous section we established the classical integrability of the sigma
model on AdS5×S5. In this section we will prove that integrability survives at
the quantum level, by explicit one-loop computation first and then by applying
the all-loop argument based on BRST cohomology.
After proving quantum integrability, the next step is to study the algebra
of the transfer matrices, that are the open Wilson lines of the Lax connection.
At the leading order in the expansion around flat space, the transfer matrices
satisfy a generalized version of the Yang-Baxter equation. This is the starting
point to solve the spectrum of the sigma model by using integrability, which is
still an open problem.
6.4. Finiteness of the monodromy matrix
In this section we will consider the one-loop finiteness of the monodromy
matrix (253) by direct evaluation of its UV logarithmic divergence first and then
by proving that it is invariant under infinitesimal deformations of the contour.
Log divergences
Consider the open Wilson line of the Lax connection (255)
Ω(C) = P exp
(
−
∫
C
A(µ)
)
(266)
where C is an open contour on the worldsheet. The flatness of the Lax connec-
tion implies that classically it does not depend on the choice of the contour. If
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we expand the path ordered exponential, we get terms of the kind∫
s1<...<sn
A(s1) . . . A(sn) . (267)
Expectation values of such operators typically give linear divergences (that de-
pend on the scheme) and logarithmic divergences, which are independent of the
regularization scheme.
Let us show that if logarithmic divergences are present, then the Wilson
line cannot be conformally invariant, which implies that the Wilson line would
depend on the choice of the contour. Take two contours C and C ′, related by
a dilatation: C ′ = λC, for λ real. Both Ω(C) and Ω(C ′) contain divergences
and need to be regularized. The renormalized Wilson line Ωren is equal to the
regularized Ω plus counterterms C
Ωren(C) = lim
→0
(Ω(C) + Γ(C)) .
If the Wilson line does not depend on the choice of the contour, then we would
have Ωren(C ′) = Ωren(C). Conformal invariance implies that Ω(C) = Ωλ(C ′),
but if there are log divergences, then it is not true that Γλ(C
′) = Γ(C). Such
divergences are of the form ∫
ds ∂sXf(X) ln  ,
where X are the bosonic fluctuations, and since  has weight one they are not
conformally invariant. Note that linear divergences
∫
dsf(X)/ on the contrary
are conformally invariant. We conclude that a necessary condition for the inde-
pendence of the Wilson line on the contour is the absence of log divergences.
There are several possible sources of log divergences in the sigma model.
First, the currents are composite objects and get internal log divergences: even
in the theory of a free boson these give rise to the k2 anomalous dimension for
the vertex operator eikX and they are certainly present in our interacting sigma
model. In our case they come from the normal ordering quartic vertices and
from the fish diagrams cubic vertices, but the they cancel in such a way that
the currents Ji are finite. A second source of log divergences arises when two or
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more points on the integration contour (267) coincide and the currents develop
short distance singularities in their OPE.
If we choose the particular gauge g = exp (X1+X3)R exp
X2
R for the coset ele-
ment, the effect of the multiple collisions of the currents generates non-vanishing
log divergences, but it turns out that the full log divergence appears in the form
of a total derivative. Hence, its contribution to the monodromy matrix, which
is integrated on a closed contour, takes the form
Ω(µ,C) = f(, µ)Ω
finite(µ,C)f(, µ)−1 , (268)
where f(, µ) is a gauge transformation that depends on the spectral parameter,
whose one-loop expression is
f(, µ) = exp
(
− ln 
R2
(µ2 + µ−2)
)
C2.X . (269)
As a result, the log divergences can be removed by a µ-dependent gauge trans-
formation. This ensures that there exists a regularization prescription for which
the log divergences vanish. Note, however, that the log divergences do contribute
to the path ordered exponential of an open Wilson line, giving divergent terms
at the endpoints, which must be properly taken into account when studying the
transfer matrix or the Wilson loop with operator insertions.
Contour Deformations
A second way to prove that the monodromy matrix does not depend on the
contour is to look at its variation upon infinitesimal deformations of the contour
δΩ(µ,C)
δσi(s)
= P Fij
dσj(s)
ds
exp
(
−
∮
C
A(µ)
)
, (270)
where i is the worldsheet vector index and Fij(µ) = [∂i + Ai(µ), ∂j + Aj(µ)] is
the curvature of the Lax connection. Classically, Fij = 0, but there might be
anomalies at the quantum level. The most general form of such an anomaly is
δΩ = POzz¯ exp
(
−
∮
C
A(µ)
)
, (271)
for a generic insertion of a ghost number zero and weight (1, 1) local operator
Ozz¯. Requiring consistency with the BRST transformation of the monodromy
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matrix (258), the BRST variation of such an operator must be
[Q,Ozz¯] = [Ozz¯, λ(µ)] , (272)
where the dressed pure spinor λ(µ) = µλ+ 1µ λˆ. If we write down the most general
expression for the operator Ozz¯ and impose that it satisfies (272) together with
PT invariance (256), we find that such operator must vanish at the tree level.
This proves that the monodromy matrix is independent of the contour at leading
order. By BRST cohomology arguments this procedure can be easily extended
to all loops, as we will discuss in the next section from a different point of view.
6.5. All-loop proof
One can use arguments similar to those of section 4.4 to prove that this
construction is valid at the quantum level to all orders in perturbation the-
ory. For example, suppose that a non-local BRST-invariant charge qA has been
constructed to order hn−1, i.e. Q˜(qC) = hnΩC + O(hn+1) where ΩC is some
integrated operator of ghost-number +1, Q˜ = Q+Qq, and Qq generates quan-
tum corrections to the classical BRST transformations of (107) generated by Q.
Like other types of quantum anomalies, ΩC must be a local integrated operator
since it comes from a short-distance regulator in the operator product expansion
jA(σ)jB(σ′). So trivial cohomology implies that there exists a local operator
ΣC(σ) such that ΩC = Q(
∫∞
−∞ dσΣ
C(σ)). Therefore, qC − hn ∫∞−∞ dσΣC(σ) is
BRST-invariant to order hn.
To verify that the relevant cohomology class is trivial for the superstring
in an AdS5 × S5 background, it will be useful to recall that for every inte-
grated operator of ghost-number +1 in the BRST cohomology, there exists a
corresponding unintegrated operator of ghost-number +2 and zero conformal
weight in the BRST cohomology. This is easy to prove since Q(
∫
dσW (σ)) = 0
implies that Q(W (σ)) = ∂σV (σ) where V (σ) is a BRST-invariant operator of
zero conformal weight. And if V is BRST-trivial, i.e. if V = QΛ for some Λ,
then Q(W − ∂σΛ) = 0. Since the BRST cohomology is trivial for unintegrated
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operators of nonzero conformal weight, W − ∂σΛ = QΣ for some Σ. So∫
dσW (σ) =
∫
dσ(QΣ(σ) + ∂σΛ(σ)) = Q(
∫
dσΣ(σ)), (273)
which implies that
∫
dσW (σ) is BRST-trivial [114].
At ghost-number +2, the only unintegrated operators of zero conformal
weight which transform in the adjoint representation of the global PSU(2, 2|4)
algebra are
V1 = g (λ
αTα)(λ̂
β̂Tβ̂) g
−1 and V2 = g (λ̂αˆTαˆ)(λβTβ) g−1, (274)
where g(x, θ, θˆ) transforms by left multiplication as δg(x, θ, θˆ) = Σg(x, θ, θˆ) un-
der the global PSU(2, 2|4) transformation parameterized by Σ = ΣATA. One
can easily verify that Q(V1 − V2) 6= 0 and that V1 + V2 = QΩ where
Ω =
1
2
g (λαTα + λ̂
αˆTαˆ) g
−1. (275)
So the cohomology is trivial, which implies the existence of an infinite set of
non-local BRST-invariant charges at the quantum level.
Guide to the literature
Integrability of the GS action in AdS, discovered in [10, 115], is reviewed in
great details in [74]. The recent review [99] covers extensively the AdS/CFT
application of integrability from both the gauge theory and the string theory
side.
The Lax representation of the equations of motion of the pure spinor action
in AdS was derived in [22]. The relation between non-local conserved charges
and BRST cohomology is discussed in [23].
A classic discussion of quantum anomalies in the higher non-local conserved
charges is [116, 117]. Some quantum properties of the pure spinor monodromy
matrix are studied [95, 24, 118]. The algebraic proof of the BRST invariance of
the non-local conserved charges at all loops appears in [21].
More advanced topics, that we did not touch, are: The fusion rules and the
classical Yang-Baxter equation satisfied by the open Wilson lines of the Lax
connection [24]; The Hirota equation (Y-system) satisfied by such Wilson lines
in PSL(n|n) sigma models [119].
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Appendix A. Notations
In this Appendix we collect the conventions and notations used in ten di-
mensional flat space, in a generic curved background and in an AdS5 × S5
background.
Appendix A.1. Flat background
In the flat ten-dimensional background, we use lower case roman letters
from the middle of the alphabet m,n, . . . = 0, . . . , 9 to denote vector indices
and Greek letters α, β, . . . = 1, . . . , 16 to denote sixteen-component Weyl spinor
indices.
The Dirac matrices in ten spacetime dimensions are thirty-two by thirty-two
matrices and admit a real representation Γm = {I⊗(iτ2), σµ⊗τ1, χ⊗τ1}, where
σµ for µ = 1, . . . , 8 are the SO(8) Dirac gamma matrices, which are symmetric
sixteen by sixteen matrices; χ is the real diagonal SO(8) chirality matrix; τi are
the usual two-dimensional Pauli matrices. The ten-dimensional chirality matrix
is I ⊗ τ3 and the charge conjugation matrix C is such that CΓm = −(Γm)TC
and is equal to Γ0. We can split a thirty-two component Dirac spinor into left
and right moving sixteen component Weyl spinors Ψ =
(
ψαL
ψRβ˙
)
and introduce the
off-diagonal Pauli matrices
Γm =
 0 (σm)αβ˙
(σ˜m)β˙γ 0
 , C =
 0 cαβ˙
cβ˙γ 0
 , (A.1)
where σm = {I, σµ, χ}, σ˜m = {−I, σµ, χ} and cαβ˙ = −cβ˙γ = I. The Dirac
gamma matrices multiplied by the charge conjugation matrix can be split into
off-diagonal Pauli matrices
CΓm =
 0 (γm)α˙β˙
(γm)βγ 0
 , (A.2)
which are sixteen by sixteen symmetric matrices. Since Weyl spinors of different
chirality are inequivalent SO(1, 9) irreps, we cannot raise and lower indices and
therefore we will omit the dots on the upper indices and just use undotted indices
(γm)αβ , (γm)αβ . The ten-dimensional Pauli matrices satisfy {γm, γn} = 2ηmn.
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We define the weighted antisymmetric product of gamma matrices as
γm1...mk =
1
k!
γ[m1 . . . γmk] , (A.3)
and γm, γm1...m5 are symmetric in their spinor indices, while γm1m2m3 is anti-
symmetric. Any bispinor can be decomposed along such basis as
fαg
β = 116
(
δβα(fg) +
1
2! (γab)α
β(fγabg) + 14! (γ
abcd)α
β(fγabcdg
)
, (A.4)
fαgβ =
1
16
(
γaαβ(fγag) +
1
3!γ
abc
αβ (fγabcg) +
1
5!γ
abcde
αβ (fγabcdeg)
)
. (A.5)
SO(1, 9) identities
Some useful ten-dimensional gamma matrix identities are
γm(αβ(γm)γ)δ = 0 ,
(γab)α
β(γab)γ
δ = 4(γa)
βδ(γa)αγ − 2δβαδδγ − 8δδαδβγ ,
γabcαβ γ
γδ
abc = 48δ
γ
[αδ
δ
β] ,
γa1...a5αβ γ
γδ
a1...a5 = 5!
(
16δγ(αδ
δ
β) − 2γaαβγγδa
)
,
γbγa1...akγb = (−)k(D − 2k)γa1...ak ,
γa1...akγa1...ak = (−)k(k−1)/2 D!(D−k)! , (A.6)
γaγb1...bk = (−)kγb1...bkγa + kηa[b1γb2...bk] ,
γaγb1...bk = γab1...bk + 12kη
a[b1γb2...bk] ,
γaγ
ab1...bk = (D − k + 1)γb1...bk ,
γpγmn = γmnγp + 2ηp[mγn] ,
where D = 10.
Appendix A.2. Curved background
The curved ten-dimensional type II superspace coordinates are described by
indices from the middle of the alphabet ZM = (Xm, θµ, θˆµˆ), where θ and θˆ are
sixteen component real Majorana-Weyl spinors of the same chirality (θµ, θˆµˆ)
in the type IIB case and of opposite chirality (θµ, θˆµˆ) in the type IIA case.
We denote the flat tangent superspace with indices from the beginning of the
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alphabet A = (a, α, αˆ). The zehnbein EAM convert curved into flat indices and
satisfy
GAB = E
M
A GMNE
N
B ,
where the only non-zero component of GAB is the flat Minkowski metric ηab.
The pullback on the worldsheet of the target space super-zehnbein are denoted
by
ΠA = EAMdZ
M . (A.7)
Appendix B. Super Yang-Mills in superspace
We would like to show how pure spinors arise naturally in ten dimensions.
We will discuss this from a hystorical point of view, which is the most pedagog-
ical way to arrange the presentation.
We will start by considering super Yang-Mills theory in ten dimensions
[48, 49]. To describe this gauge theory in a manifestly supersymmetric way
we will introduce a ten-dimensional superspace with sixteen supersymmetries.
One needs to impose a set of gauge invariant constraints on the superspace
curvature to get rid of the unwanted degrees of freedom that get in once we
go to superspace. We will show that in ten dimensions the relevant superspace
constraint implies the equations of motion for the component fields. We will
prove this by explicitly solving the Bianchi identity subject to the constraint.
In the next step, we will rewrite the constraint in a convenient form and then
we will recast the super Yang-Mills equations of motion and gauge invariances
in superspace as a BRST cohomology problem. At this point, we will introduce
a new spacetime coordinate given by a bosonic Weyl spinor, which will play the
role of the ghost in the BRST formalism and show that consistency requires
that this bosonic spinor satisfy the pure spinor constraint. In this sense, the
pure spinor constraint arises as an integrability condition on the cohomology
[50, 51].
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Appendix B.1. Ten-dimensional superspace
Ten-dimensional super Yang-Mills theory consists of a gluon am and a gluino
χα, which is a Majorana-Weyl spinor in ten dimensions. We can form a covariant
derivative ∇m = ∂m + [am, ·] and construct a field strength Fmn = [∇m,∇n], in
terms of which the classical equations of motion are
∇mFmn + 1
2
γnαβ{χα, χβ} = 0 , γmαβ∇mχα = 0 . (B.1)
We would like to describe this theory in a manifest supersymmetric way by
using a ten dimensional superspace formalism. Ten-dimensional N = 1 super-
space has sixteen supercharges and it is described in terms of the coordinates
(xm, θα), where θα are Grassmann-odd Majorana-Weyl spinors. Let us intro-
duce the supersymmetric derivative Dα =
∂
∂θα − 12 (γmθ)α∂m that satisfies the
supersymmetry algebra
{Dα, Dβ} = −γmαβ∂m . (B.2)
Let us introduce a super-connection one–form A = EBAB , where E
B are
the super–zehnbein and AB = (Am, Aα) is the super connection, while the super
covariant derivatives are ∇α = Dα+ [Aα, ·} and ∇a = ∂m+ [Am, ·]. The indices
from the beginning of the alphabet are tangent space indices, m = 0, . . . , 9 are
bosonic directions and α = 1, . . . , 16 are fermionic directions. The superspace
curvature is the two–form superfield
F = [∇,∇] = EAEBFBA ,
whose components are
Fαβ = {∇α,∇β}+ γmαβ∇m , (B.3)
= D(αAβ) + {Aα, Aβ}+ γmαβAm ,
Fαm = [∇α,∇m] = DαAm − ∂mAα + [Aα, Am] ,
Fmn = [∇m,∇n] = ∂[mAn] + [Am, An] .
The curvatures are invariant under the gauge transformations δAα = ∇αΩδAm = ∇mΩ (B.4)
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The superconnections (Aα, Am) contain too many degrees of freedom. We want
to impose constraint on the gauge invariant curvatures (B.3) such that we get rid
of the unwanted degrees of freedom and at the same time we impose the equa-
tions of motion (B.1). We claim that both goals can be achieved by imposing
the single contraint
Fαβ = 0 . (B.5)
Let us show that by plugging (B.5) into the Bianchi identity we find the
equations of motion (B.1). The first Bianchi identity reads
[{∇α,∇β},∇γ ] + [{∇β ,∇γ},∇α] + [{∇γ ,∇α},∇β ] = 0 , (B.6)
and by using the definitions of the curvature (B.3) we can rewrite it as
[F(αβ ,∇γ)]− γm(αβFγ)m = 0 . (B.7)
If we substitute the constraint (B.5) into the Bianchi identity (B.7) we end up
with the equation
γm(αβFγ)m = 0 . (B.8)
Because of the Fierz identities (A.6), the unique solution to (B.8) is in terms of
a new superfield W
Fγm = (γm)γβW
β . (B.9)
Note that the lowest component of W is the gluino
Wα|θ=0 = χα .
The second Bianchi identity
[{∇α,∇β},∇m] + {[∇m,∇α],∇β} − {[∇β ,∇m],∇α} = 0 , (B.10)
can be rewritten, using the expressions for the curvature (B.3), in the following
form
[Fαβ − γpαβ∇p,∇m] + {Fmα,∇β} − {Fβm,∇α} = 0 . (B.11)
126
Imposing the constraint (B.5) and the solution of the first Bianchi identity (B.9),
the Bianchi identity (B.11) becomes
(γm)αρ∇βW ρ + (γm)βρ∇αW ρ = γnαβFnm . (B.12)
After multiplying this expression by (γm)βγ(γh)γτ (γ
h)αλ and making repeated
use of ten–dimensional gamma matrix identities we eventually find
∇αW β = −1
4
(γmn)α
βFmn , (B.13)
and by further taking the trace obtain
∇αWα = 0. (B.14)
This last equation will be useful when comparing the ten–dimensional onshell
superspace with the four–dimensional offshell superspace.
Consider now the third Bianchi identity
[[∇m,∇n],∇α] + [[∇α,∇m],∇n] + [[∇n,∇α],∇m] = 0 . (B.15)
By plugging the curvature (B.3) and the previous solution (B.9) we can recast
(B.15) in the following form
∇αFmn = ∇[m(γn]W )α . (B.16)
We will now see that (B.13) and (B.16) imply the gluino equation of motion.
Let us act on (B.13) with ∇γ and symmetrize on the (αγ) indices. By the
curvature definition (B.3) and the contraint (B.5) we find
− γmαγ∇mW β = −
1
4
(γmn)(α
β∇γ)Fmn . (B.17)
Now let us plug (B.16) into (B.17)
γmαγ∇mW β = −
1
2
(γmn)(γ
β(γm∇nW )α) , (B.18)
and finally take the δαβ trace and find the equations of motion for the gluino in
(B.1)
γmαγ∇mW γ = 0 . (B.19)
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By further applying (γn∇)α to (B.19) and using (B.9) we arrive at
∇mFmn = (γn)αβW βWα , (B.20)
which is nothing but the gluon equation of motion (B.1).
In summary, by using the Bianchi identities (B.6), (B.10) and (B.15), we
have shown that the superspace constraint
Fαβ = 0 ,
is equivalent to the ten-dimensional super Yang-Mills equations of motion (B.1).
The expansion in components of the fields encountered in this analysis is given
by
Wα = χα − 1
4
(γmnθ)αFmn + . . . (B.21)
Appendix B.1.1. Comparison to four dimension
In four dimensional N = 1 superspace, spinors have dotted and undotted
indices. One can impose the following set of constraints on the superspace
curvatures
Fαβ = Fαβ˙ = Fα˙β = 0 , (B.22)
and plug them into the Bianchi identity as in the previous section. The Bianchi
identities can then be solved in terms of the two complex conjugate superfields
Wα, W¯ α˙ satisfying the constraints D¯α˙Wα = 0 = DαW¯ α˙ ,D¯α˙W¯ α˙ −DαWα = 0 , (B.23)
whose component expansion is
Wα = χα + θαD + (σmnθ)αFmn + . . . (B.24)
where the dots are terms proportional to the equations of motion. The con-
straints (B.23) imply that the D auxiliary field sitting in W is real. The con-
straints (B.22) allow for a description of the offshell four–dimensional super
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Yang-Mills multiplet, that is including auxiliary fields. We can then write down
an action whose equations of motion are
DαW
α + D¯α˙W¯
α˙ = 0 , (B.25)
which, together with the constraints (B.23), imply the equation D = 0 that puts
the theory onshell.
In ten dimensions, there is no dotted spinor representation, hence the cur-
vature constraints immediately set the theory onshell.
Appendix B.2. Pure spinors
The constraint (B.5) can be equivalently written as a condition on the spino-
rial connection
γαβmnpqr (DαAβ + {Aα, Aβ}) = 0 . (B.26)
This can be seen by projecting the curvature Fαβ in (B.3) on the five–form
product of gamma matrices and using the fact that Tr γmnpqrγs = 0. Conversely,
the solution to the equation (B.26) defines the connection Am in terms of the
spinorial connection as
Am =
γαβm
10
(DαAβ + {Aα, Aβ}) .
Hence, the contraints (B.5) and (B.26) are completely equivalent. As a result,
we can consider (B.26) as an alternative way to write the ten–dimensional super
Yang Mills equations of motion (B.1).
We would like now to recover the equations of motion (B.26) and gauge
invariances (B.4) as a solution to an auxiliary cohomology problem. Let us
consider the linearized theory only, namely the super Maxwell theory, in which
case we have
γαβmnpqrDαAβ = 0 , (B.27)
δAα = DαΩ . (B.28)
Let us augment the target space coordinates (X, θ) by introducing a bosonic
spinorial direction λα, given by a complex Weyl spinor with sixteen components.
129
Such objects are usually referred to as twistors. This new variable will carry
an abelian charge that we call “ghost number.” Let us introduce two more
operators. The first is a BRST charge
Q = λαDα . (B.29)
The second is a “vertex operator,” namely a ghost number one operator
U (1) = λαAα(X, θ) . (B.30)
We would like to solve the cohomology problem QU (1) = 0 ,δU (1) = QΩ , (B.31)
where the gauge superfield Ω(X, θ) has ghost number zero.
For the cohomology problem to be well defined, the BRST charge must be
nilpotent. The supersymmetry algebra (B.2) implies that
{Q,Q} = −λαλβγmαβ∂m , (B.32)
hence we find that the BRST charge is nilpotent if and only if the bosonic
spinors λα satisfy the constraint
λαγmαβλ
β = 0 . (B.33)
Such spinors are called ”pure spinors.”
Let us go back to the cohomology problem (B.31). The first condition implies
QU (1) = 0 ⇒ λαλβDαAβ(X, θ) = 0 .
The symmetric bispinor λαλβ can be decomposed along the basis of odd–form
gamma matrices
16λαλβ = γαβm (λγ
mλ) +
1
3!
γαβmnp(λγ
mnpλ) +
1
5!
γmnpqr(λγ
mnpqrλ) ,
but γmnp is antisymmetric in the spinor indices and the λ’s satisfy (B.33), so
the product of two pure spinors is proportional to the product of five gamma
matrices
λαλβ =
1
16 · 5!γmnpqr(λγ
mnpqrλ) .
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Hence the cohomology equation (B.31) gives γαβmnpqrDαAβ = 0 ,δAα = DαΩ , (B.34)
which are precisely the equations of motion and gauge invariance of ten–dimensional
super Maxwell theory.
The pure spinors are nothing but the way to rewrite the ten–dimensional
onshell super Yang–Mills theory as a cohomology problem. This is why they
provide a natural way to describe superstring theory in superspace.
Appendix C. Supergroups
In this Appendix we list the details of the superalgebras we need to realize the
various backgrounds in the text. We constructed our superalgebras according
to .
Appendix C.1. Notations
The superalgebra satisfies the following commutation relations:
[Tm,Tn] = f
p
mnTp
[Tm,Qα] = F
β
mαQβ
{Qα,Qβ} = AmαβTm
where the T’s are the bosonic (Grassman even) generators of a Lie algebra and
the Q’s are the fermionic (Grassman odd) elements. The indices are m = 1, ..., d
and α = 1, ..., D. The generators satisfy the following super-Jacobi identities:
fpnrf
q
mp + f
p
rmf
q
np + f
p
mnf
q
rp = 0
F γnαF
δ
mγ − F γmαF δnγ − fpmnF δpα = 0
F δmγA
n
βδ + F
δ
mβA
n
γδ − fnmpApβγ = 0
ApβγF
δ
pα +A
p
γαF
δ
pβ +A
p
αβF
δ
pγ = 0
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Generally we can define a bilinear form
< XM ,XN >= XMXN − (−1)g(XM )g(XN )XNXM = CPNMXP
where X can be either T or Q and P = 1, ..., d + D (say the first d are T’s
and the rest D are Q’s). g(XM ) is the Grassmann grading, g(T) = 0 and
g(Q) = 1 and CPNM are the structure constants. The latter satisfy the graded
antisymmetry property
CPNM = −(−1)g(XM )g(XN )CPMN
We define the super-metric on the super-algebra as the supertrace of the
generators in the fundamental representation
gMN = StrXMXN , (C.1)
We can further define raising and lowering rules when the metric acts on the
structure constants
CMNP ≡ gMSCSNP .
For a semi-simple super Lie algebra (|gMN | 6= 0 and the bosonic part |hmn| 6=
0) we can define a contravariant metric tensor through the relation
gMP g
PN = δNM .
The totally graded antisymmetric structure constants are defined as
fABC = gADf
D
BC , f
AB
C = f
B
CDg
DA .
The Killing form is defined as the supertrace of the generators in the adjoint
representation
KMN ≡ (−1)g(XP )CSPMCPSN = (−1)g(XM )g(XN )KNM
(while on the (sub)Lie-algebra we define the metric Kmn = f
p
mqf
q
np). Explicitly
we have
Kmn = hmn − F βmαFαnβ = Knm
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Kαβ = F
γ
mαA
m
βγ − F γmβAmαγ = −Kβα
Kmα = Kαm = 0
The Killing form is proportional to the supermetric up to the second Casimir
C2(G) of the supergroup, which is also called the dual Coxeter number
KMN = −C2(G) gMN .
In the main text, we have computed the one-loop beta-functions in the back-
ground field method. It turns out that the sums of one-loop diagrams with fixed
external lines are proportional to the Ricci tensor RMN of the supergroup. The
super Ricci tensor of a supergroup is defined as
RMN (G) = −1
4
fPMQf
Q
NP (−)g(XQ), (C.2)
and we immediately see that RMN = −KMN , in particular, we can write it as
RMN (G) =
C2(G)
4
gMN ,
Appendix C.2. Gamma matrices in AdS
In ten dimensions, we have 32 × 32 Dirac gamma matrices Γm. We use
an off-diagonal representation which is well adapted to the SO(1, 4) × SO(5)
subgroup of the local Lorentz group of the AdS5 × S5 background
Γa = σa ⊗ I4 ⊗ τ1 , Γa′ = I4 ⊗ σa′ ⊗ τ2 , (C.3)
where σa, for a = 0, . . . , 4, are 4× 4 dimensional SO(1, 4) gamma matrices and
σa
′
, for a′ = 5, . . . , 9, are 4× 4 dimensional SO(5) gamma matrices and τ i are
the usual two dimensional Pauli matrices. In the text we used the SO(1, 9)
Pauli matrices (γm)αβ and (γm)αβ , that are 16 × 16 off-diagonal blocks of the
Dirac matrices in (C.3). Note that, because of the τ2 in (C.3), we have that
numerically
(γa)αβ = γaαβ , (γ
a′)αβ = −γa′αβ . (C.4)
The five-form flux in bispinor notation γ01234
αβ̂
≡ ηαβ̂ is numerically equal
to the identity matrix and in our conventions it is antisymmetric in the spinor
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indices ηααˆ = −ηαˆα. Since, in the pure spinor formalism, left and right mov-
ing spinors transform with independent Lorentz parameters, we introduce two
sets of gamma matrices, (γmαβ , (γ
m)αβ) acting on the left moving spinors, and
(γm
αˆβ̂
, (γm)αˆβ̂) acting on the right moving spinors. In the AdS5×S5 backgrounds,
the two sets are related by the RR bispinor ηααˆ in the following way
γm
αˆβ̂
= ηααˆηββ̂(γ
m)αβ , (γm)αˆβ̂ = ηααˆηββ̂γmαβ . (C.5)
Because of the decomposition (C.3), we have that numerically γa
αˆβ̂
= γaαβ along
the AdS5 directions, however γ
a′
αˆβ̂
= −γa′αβ along the S5 directions, and the same
holds for the gamma matrices with upper spinor indices. We have also
(γab)αˆ
β̂ = ηαˆδ(γab)
δ
κη
κβ̂
and numerically we find (γab)αˆ
β̂ = −(γab)αβ , with the same sign for all ten
directions.
Appendix C.3. psu(2, 2|4)
We list the structure constants of the psu(2, 2|4) superalgebra in their ten-
dimensional form. The notation is adapted to the Z4 automorphism of the
superalgebra. The underlined index a = 1, . . . , 10 is a ten dimensional vector,
while a, a′ = 1, . . . , 5 denote AdS5 and S5 vectors respectively. The spinor
indices α, αˆ = 1, . . . , 16 denote ten dimensional Majorana-Weyl spinors of the
same chirality, for the type IIB superstring.
f
c
αβ = γ
c
αβ , f
c
αˆβ̂
= γ
c
αˆβ̂
, (C.6)
f
[ef ]
αβ̂
=
1
2
(γef )α
γηγβ̂ , f
[e′f ′]
αβ̂
= −1
2
(γe
′f ′)α
γηγβ̂ ,
f β̂αc = −(γc)αβηββ̂ , fβαˆc = (γc)αˆβ̂ηββ̂ = −γαβc ηααˆ,
f
[ef ]
cd = δ
[e
c δ
f ]
d , f
[e′f ′]
c′d′ = −δ[e
′
c′ δ
f ′]
d′ ,
f
[gh]
[cd][ef ] =
1
2
(ηceδ
[g
d δ
h]
f − ηcfδ
[g
d δ
h]
e + ηdfδ
[g
c δ
h]
e − ηdeδ
[g
c δ
h]
f )
f
f
[cd]e = ηe[cδ
f
d], f
β
[cd]α =
1
2
(γcd)α
β , f β̂[cd]αˆ =
1
2
(γcd)αˆ
β̂ .
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The components of the supermetric ηAB are
Str TaTb = ηab, Str TabTcd = η[ab][cd] ,
Str TαTαˆ = −Str TαˆTα = ηααˆ ,
where we defined ηab = (ηab, δa′b′) and η[ab][cd] = (
1
2ηa[cηd]b,− 12δa′[c′δd′]b′).
Gamma matrix identities
From the Jacobi identities for psu(2, 2|4) we derive some useful ten-dimensional
gamma matrix identities
(γa)βγ(γ
a)δρ +
1
4
(γef )(γ
ρ(γef )
δ
β) −
1
4
(γe
′f ′)(γ
ρ(γe′f ′)
δ
β) = 0 , (C.7)
γefγmnpqrγef − γe′f ′γmnpqrγe′f ′ = 0 , (C.8)
γa =
1
80
(
γefγaγef − γe′f ′γaγe′f ′
)
. (C.9)
Appendix C.4. Alternative form of the algebra
For the computation of the massive string spectrum we used an alternative
form of the psu(2, 2|4) superalgebra, adapted to the classical string configuration
sitting at the center of AdS space. Let us first rewrite the ten-dimensional Pauli
matrices (γm)αβ and (γm)αβ as
(γ0)αβ = −(γ0)αβ =
 1 0
0 1
 , (γ5)αβ = (γ5)αβ =
 1 0
0 −1
 ,
(γi)αβ = (γi)αβ =
 0 σiab˙
σia˙b 0
 ,
where σi’s are the SO(8) Pauli matrices, the vector index i = 1, 2, 3, 4, 6, 7, 8, 9
and the spinor indices a, a˙ = 1, . . . , 8. The five-form flux reads
ηααˆ = (γ
01234)ααˆ =
 Πab 0
0 Πα˙b˙
 ,
ηααˆ = −(γ01234)ααˆ =
 Πab 0
0 Πα˙b˙
 ,
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where Π is symmetric and Π2 = 1 and
Πab = −(σ1σ2σ3σ4)ab , Πα˙β˙ = −(σ1σ2σ3σ4)α˙β˙ .
Note that we dropped the hat from the gamma matrices to avoid having nasty
superscripts, but we will keep a hat in the grading-three generators appearing
in the commutators below.
Let us give now the psu(2, 2|4) commutation relations, instead of writing the
structure functions explicitly. The eight-dimensional index i above gets split
into i = (A, J) where now A, J = 1, . . . , 4 are four directions along AdS and
along the five-sphere respectively. We group the generators according to their
gradings as
H0 = {MAB ,MA,MIJ ,MI} , H2 = {T,PA,J,PJ}
H1 = {Qa,Qa˙} , H3 = {Q̂a˙, Q̂a} , (C.10)
where the supertraces of the generators are
Str TT = −Str JJ = −1 ,
Str PAPB = δAB , Str PIPJ = δIJ
Str QaQ̂b = Πab , Str Qa˙Q̂b˙ = Πa˙b˙ ,
(C.11)
and the commutation relations involving spinor indices are
{Qa,Qb} = (J−T)δab = {Q̂a, Q̂b} , (C.12)
{Qα˙,Qβ˙} = (J−T)δα˙β˙ = {Q̂α˙, Q̂β˙} ,
{Qa,Qβ˙} = σiaβ˙Pi = {Q̂a, Q̂β˙} ,
{Qa, Q̂b} = −1
2
σABac ΠcbMAB +
1
2
σIJac ΠcbMIJ ,
{Qα˙, Q̂β˙} = −
1
2
σABα˙c˙ Πc˙β˙MAB +
1
2
σIJα˙c˙Πc˙β˙MIJ ,
{Qa, Q̂β˙} =
1
2
σAaα˙Πα˙β˙MA −
1
2
σIaα˙Πα˙β˙MI ,
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[Qa,T] = [Qa,J] = −1
2
ΠabQ̂b , [Q̂a,T] = [Q̂a,J] =
1
2
ΠabQb ,
[Qα˙,T] = −[Qα˙,J] = −1
2
Πα˙β˙Q̂β˙ , [Q̂α˙,T] = −[Q̂α˙,J] =
1
2
Πα˙β˙Qβ˙ ,
[Qa,P
i] = −1
2
σiaα˙Πα˙β˙Q̂β˙ , [Q̂a, β˙P
i
] =
1
2
σiaα˙Πα˙β˙Qβ˙ ,
[Qα˙,P
i] = −1
2
σiα˙aΠabQ̂b , [Q̂α˙,P
i] =
1
2
σiα˙aΠabQb ,
[MA,Qa] = −1
2
σA
aβ˙
Qβ˙ , [M
A,Qα˙] = −1
2
σAα˙bQb ,
[MI ,Qa] =
1
2
σI
aβ˙
Qβ˙ , [M
I ,Qα˙] =
1
2
σIα˙bQb ,
[MA, Q̂a] = −1
2
σA
aβ˙
Q̂β˙ , [M
A, Q̂α˙] = −1
2
σAα˙bQ̂b ,
[MI , Q̂a] =
1
2
σI
aβ˙
Q̂β˙ , [M
I , Q̂α˙] =
1
2
σIα˙bQ̂b ,
[Mij ,Qa] = −1
2
σijabQb , [M
ij ,Qα˙] = −1
2
σij
α˙β˙
Qβ˙ ,
[Mij , Q̂a] = −1
2
σijabQ̂b , [M
ij , Q̂α˙] = −1
2
σij
α˙β˙
Q̂β˙ ,
while the purely bosonic ones are the same as in (C.6).
Appendix D. Some worldsheet results
Appendix D.1. Integrals
The following useful integrals, are extensively used in Section 4∫
d2σ
(σ¯ − w¯)(σ − z) = −2pi ln |z − w|
2 , (D.1)∫
d2σ
(σ¯ − w¯)2(σ − z) =
2pi
z¯−w¯ , (D.2)∫
d2σ
(σ¯ − w¯)(σ − z)2 = −
2pi
z−w , (D.3)∫
d2σ
(σ − w)2(σ − z) = −2pi
z¯−w¯
(z−w)2 , (D.4)
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Appendix D.2. Action from BRST invariance
Using the fact that 〈AB〉 6= 0 only for A ∈ Hr and B ∈ H4−r, r = 0, . . . , 3
[76], the most general matter part which has a global symmetry under left
multiplication by elements of G and is invariant under the gauge symmetry
g ' gh, where h ∈ H, is∫
d2z〈αJ2J¯2 + βJ1J¯3 + γJ3J¯1 + δJ3d¯+ J¯1d− fdd¯〉 ,
where we used the Lie-algebra valued field d, d¯ defined by d = dαη
ααˆTαˆ, d¯ =
d¯αˆη
ααˆTα and f is the RR-flux. While in flat background the d’s are composite
fields, in curved backgrounds they can be treated as independent fields.
The pure spinor part includes the kinetic terms 〈w∂¯λ〉 and 〈wˆ∂λˆ〉 for the
pure spinor βγ-systems. Since these terms are not gauge invariant, they must
be accompanied by terms coupling the pure spinor gauge generators with the
matter gauge currents 〈NJ¯0 + NˆJ0〉 in order to compensate. The backgrounds
we are considering also require additional terms which must be gauge invariant
under the pure spinor gauge transformation of w and wˆ and hence must be
expressed in terms of the Lorentz currents and the ghost currents Jgh = 〈wλ〉
and J¯gh = 〈wˆλˆ〉. The additional term required is 〈NNˆ〉.
Therefore the sigma-model is of the form
S =
∫
d2z〈αJ2J¯2 + βJ1J¯3 + γJ3J¯1 + δJ3d¯+ J¯1d− fdd¯+ (D.5)
+ w∂¯λ+ wˆ∂λˆ+NJ¯0 + NˆJ0 + aNNˆ〉
and the accompanying BRST-like operator is
QB =
∮
〈dzλd− dz¯λˆd¯〉 . (D.6)
By integrating out d and d¯ and redefining γ → γ + δf one gets
S =
∫
d2z〈αJ2J¯2 + βJ1J¯3 + γJ3J¯1 + w∂¯λ+ wˆ∂λˆ+NJ¯0 + NˆJ0 + aNNˆ〉
(D.7)
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After rescaling λ → δf λ, w → fδw, λˆ → f λˆ, wˆ → f wˆ the BRST currents are
jB = 〈λd〉 = 〈λJ3〉 and j¯B = 〈λˆd¯〉 = 〈λˆJ¯1〉. The BRST charge (D.6) now reads
QB =
∮
〈dzλJ3 + dz¯λˆJ¯1〉 .
The coefficients of the various terms will be determined by requiring the
action to be BRST invariant, i.e. the BRST currents are holomorphic and the
corresponding charge is nilpotent.
From the action (D.7) we derive the following equations of motion
(β + γ)∇¯J3 = (2β − α)[J1, J¯2] + (α+ β − γ)[J2, J¯1] + [N, J¯3] + [Nˆ , J3] ,
(β + γ)∇J¯1 = (α− 2β)[J2, J¯3] + (γ − α− β)[J3, J¯2] + [N, J¯1] + [Nˆ , J1] ,
∇¯λ = −a[Nˆ , λ] , ∇λˆ = −a[N, λˆ] .
After one takes into account that [N,λ] = 0 because of the pure spinor condition
{λ, λ} = 0, requiring ∂¯jB = 0 leads to the equations
β + γ = 1 , α = 2β , α+ β = γ , a = −1 ,
whose solution is
α =
1
2
, β =
1
4
, γ =
3
4
, a = −1 .
With this solution it is easy to check that
∂j¯B = 〈[λˆ, Nˆ ]J1〉 ,
which again vanishes because of the constraint {λˆ, λˆ} = 0. The proof of the
nilpotence of the BRST charge then follows.
Hence the pure spinor sigma-model is
S =
∫
d2z
〈
1
2
J2J¯2 +
1
4
J1J¯3 +
3
4
J3J¯1 + w∂¯λ+ wˆ∂λˆ+NJ¯0 + NˆJ0 −NNˆ
〉
for all dimensions and this of course matches the critical case as well.
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Appendix D.3. Ghost number one cohomology
In this appendix we will study the BRST cohomology at ghost number one
and prove two facts. First we will prove the claim made in Section 4.4.2 that the
classical BRST cohomology of integrated vertex operators
∫
d2z〈O(1)zz¯ 〉 at ghost
number one is empty. Seconly we will prove the claim in Section 4.4.3 that the
BRST cohomology for conserved charges at ghost number one is empty.
The most general ghost number one gauge-invariant integrated vertex oper-
ator is
〈O(1)zz¯ 〉 = 〈a1J¯2[J3, λ¯] + a¯1J2[J¯1, λ] + a2J¯2[J1, λ] + a¯2J2[J¯3, λ¯] (D.8)
+a3J3[N¯ , λ] + a¯3J¯1[N, λ¯] + a4J3∇¯(λ) + a¯4J¯1∇(λ¯)〉,
where we have written all the independent terms up to integrating by parts
on the Maurer-Cartan equations. The BRST variation of the operator (D.8)
consists of three different kind of terms
′Q〈O(1)zz¯ 〉 = Ω1 + Ω2 + Ω3 + e.o.m.′s + puregauge,
where we have omitted terms proportional to the ghost equations of motion and
to the gauge transformations parameterized by {λ, λ¯}. We have to impose that
the three terms Ωi vanish separately. The first term is
Ω1 = (a3 + a4 − a¯3 − a¯4)〈∇¯(λ)∇(′λ¯)〉,
so we demand
a3 + a4 = a¯3 + a¯4. (D.9)
Imposing the vanishing of the second term
Ω2 = 〈(a1 − a¯1 + a3 + a4 − a¯3 − a¯4)[J3, λ¯] + (a2 − a¯2)[J¯3, ′λ¯][J1, λ](D.10)
+(a1 − a¯1 + a2 − a¯2)[J2, ′λ][J¯2, λ¯]〉,
we find the additional conditions
a1 = a¯1, a2 = a¯2. (D.11)
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Finally, the third term reads
Ω3 = 〈(a2 + a¯1)[J¯1, ′λ][J1, λ] + (a1 + a¯2)[J3, λ¯][J¯3, ′λ¯] (D.12)
−a4[J3, λ][J¯3, ′λ]− a¯4[J¯1, λ¯][J1, ′λ¯]〉.
If we expand on the supergroup generators, the first term on the right hand side
is proportional to λαλβ〈[Tδ,Tα][Tρ,Tβ ]〉, where we summarized with a greek
letter the various spinor properties of the supercharges and the pure spinors
in the various dimensions. Due to the supersymmetry algebra, the term inside
the supertrace is proportional to (γa)δα(γa)βρ. Since the product of two pure
spinors is proportional to the middle dimensional form γa1...anαβ , therefore the
terms in (D.12) are all proportional to γaγa1...anγa, but this expression vanishes
due to the properties of the gamma matrix algebra. We find that Ω3 = 0
identically. As a result, imposing that
∫
d2z〈O(1)zz¯ 〉 is BRST closed requires that
the coefficients ai, a¯i satisfy (D.9) and (D.11).
On the other hand, the following operator
Σ
(0)
zz¯ = −a2J¯2J2 + (a1 − a2)J¯1J3 + (a3 − a¯4 + a2 − a1)NN¯ (D.13)
+(a4 + a1 − a2)w∇¯λ+ (a¯4 + a1 − a2)w¯∇λ¯,
is such that
Q
∫
d2z〈Σ(0)zz¯ 〉 =
∫
d2z〈O(1)zz¯ 〉,
so the cohomology for integrated vertex operators at ghost number one is empty.
Appendix D.4. Background field expansion
In this Appendix we collect the extra terms in the background field expansion
of the action, that depend on two background currents but do not contribute
to the beta function. It contains the terms in the action for the matter fields
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where the grading of the two background currents does not sum up to zero
S′II =
∫
d2z〈 12 [J3, X1][X1, J¯3] + 12 [J1, X3, X3J¯1]
+ 38 [J2, X2][X1, J¯3]− 38 [J2, X1][X2, J¯3]
+ 38 [J3, X2][X1, J¯2] +
5
8 [J3, X1][X2, J¯2]
+ 38 [J2, X3][X2, J¯1] +
5
8 [J2, X2][X3, J¯1]
+ 38 [J1, X3][X2, J¯2]− 38 [J1, X2][X3, J¯2]〉 .
There are contribution from the action for ghosts as well
S′gh =
∫
Str
{
1
2N(0)
([
[J¯1, X2] + [J¯2, X1], X1
]
+
[
[J¯1, X1] + [J¯3, X3], X2
]
+
[
[J¯2, X3] + [J¯3, X2], X3
])
+ 12Nˆ(0)
(
[[J1, X2] + [J2, X1], X1]
+ [[J1, X1] + [J3, X3], X2] +
[
[J2, X3] + [J3, X2], X3
])
+N(1)
(
[J¯1, X3] + [J¯2, X2] + [J¯3, X1]
)
+ Nˆ(1) ([J1, X3] + [J2, X2] + [J3, X1])
}
These term would give rise to counterterms in the effective action that would not
be gauge invariant and one can show that such terms are all zero at one-loop.
Appendix D.5. OPE
Consider the OPE of Ja2 with itself. We expand it in background currents
plus quantum fluctuations as in (123) and evaluate the OPE (170). The first
term on the r.h.s. is (170), which in this case reads
〈∂Xa(z)∂Xb(0)〉 = ∂Xa(z)∂Xb(0)− (D.14)
− 1
2pi
∂Xa(z)∂Xb(0)
∫
d2σStr
1
2
(N(0)[∂¯X2, X2] + Nˆ(0)[∂X2, X2])
= −η
ab
z
+
1
2
∫
d2σ
[
N
[ef ]
(0) (σ)
(
ηacηbd
δ(2)(z − σ)
w − σ + η
adηbc
δ(2)(w − σ)
z − σ
)
+Nˆ
[ef ]
(0) (σ)
(
ηacηbd
1
(z − σ)2(w − σ) + η
adηbc
1
(w − σ)2(z − σ)
)]
.
Now we can expand N(σ) and Nˆ(σ) around σ = z or σ = w and perform the
integrals (D.1), arriving at the final result (171).
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Appendix D.6. Conservation of b
Let us rewrite (246) in the convenient form
b =
λˆα
(λλˆ)
Gα
Gα = −1
2
(γaJ3)
αJa2 − λα(wJ1) +
1
2
(γaw)α(λγaJ1) .
Since the b antighost is a Lorentz scalar, we have that ∂¯b = ∇¯b and
∇¯b = ∇¯
(
λˆα
(λλˆ)
)(
−1
2
(γaJ3)
αJa2 +
1
2
(γaw)α(λγaJ1)
)
+
λˆα
(λλˆ)
∇¯Gα . (D.15)
Let us look at the second term in (D.15). By using the equations of motion
(112) and the Maurer-Cartan equations (96) we find
λˆα
(λλˆ)
∇¯Gα = b0 + bw + bwwˆ + bww ,
b0 =
1
2(λλˆ)
(λˆγaJ3)(J3γ
aJ¯3) ,
bw = [w(1−K)γa]α
(
(J3)αJ¯
a
2 − (J¯3)αJa2
)
+ 1
2(λλˆ)
(
1
2 (J¯3γabγcλˆ)N
abJc2 + 2(λˆγaJ3)(J¯2)bN
ab
)
,
bww = − 12 [w(1−K)γabJ¯1]]Nab ,
where the subscript indicates the number of w’s and wˆ’s present in each term.
The term bwwˆ is proportional to η[ab][cd]Nˆ
ab(λˆγcd)α which vanishes on the pure
spinor constraint.
Let us show that ∇¯b is BRST exact. Consider the operator O of weight
(2, 1), defined as the coefficient of the single pole in the OPE of the hatted and
unhatted antighosts
bˆ(z, z¯)b(0) = . . .+
Ozzz¯(0)
z¯
+ . . . . (D.16)
Since {Qˆ, bˆ} = Tˆ and {Qˆ, b} = 0, by applying Qˆ to (D.16) we conclude that
{Qˆ,O} = ∇¯b . (D.17)
Since the pure spinor superstring inAdS5×S5 is an interacting two–dimensional
conformal field theory, the OPE (D.16) has to be computed in the worldsheet
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perturbation theory. We are only interested in the leading order result that we
obtain using the tree level algebra of OPE’s between the left invariant currents
(171). One finds
O = A0 +Aw +Aww , (D.18)
where
A0 =
1
2λλ̂
(
J¯a2 (J3γaKJ3)− Ja2 (J¯3(1−K)γaJ3)
)
+ 2
(2λλ̂)2
(
−J¯a2 (λJ¯3)(λ̂γaJ3) + Ja2 (λJ¯3)(λ̂γaJ3)
)
, (D.19)
Aw =
1
(2λλ̂)2
(
1
2 (λγaγefγbλ̂)J¯
a
2 J
b
2N
ef − 2(λγaJ¯1)(λ̂γbJ3)Nab
)
+ 1
2λλ̂
(
−(wγaγbλ)Ja2 J¯b2 − (λγaJ¯1)[w(1−K)γaJ3]
+[wγa(1−K)J¯3](λγaJ1)− 2(λJ¯3)(wKJ1)
)
, (D.20)
Aww =
1
2 [w(1−K)γef (1−K)wˆ]Nef . (D.21)
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